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1 Introduction

PDEs for which the flow is essentially determined by an ordinary differential equation
have been studied by many researchers, see for example [2, 8 9, 13, 18, 19, 20, 27, 28, 32].
In [30, 31, 32] the authors investigated in which way the parameter p(z) affects the
dynamic of problems involving the p(z)-Laplacian.

In this work we consider the following nonlinear coupled system

Qs — div(Dy| VP2V u,) + |u,
& — div(D,|Vu,| =2V 0,) + |vg

us(0) = ups, v5(0) = vos

Ps@)=2y € Flug,v,) t>0
w@)=2y, € Gug,vs) t>0 (1)

where ugs,v9s € H := L*(Q), @ C R"® (n > 1) is a smooth bounded domain, D, €

[1,00), ps(-),qs(-) € C(Q), py = min,5ps(¥) > p, ¢; = min,54s(x) > ¢, pf =
max, qps(r) < L, ¢f := max, g¢s(x) < L, for all s € N. We assume that ps(-) — p,



¢s(-) = g in L>®(Q) and Dy — oo as s — oo, where L,p,q > 2 are positive constants.
F.G : L*(Q) x L*() — P(L*()) are bounded, upper semicontinuous and positively
sublinear multivalued operators.

In this work, to study global attractors for the system (1) which we do not have
guaranty of uniqueness of solution, we follows the general frameworks [5, 24, 25].

The paper is organized as follows. In Section 2 we remaind some definitions and
we present properties on the operator and guarantee the existence of global solutions
and global attractors. In Section 3 we obtain uniform estimates for solutions of (1). In
Section 4 we prove that the solutions {us} of the PDE (1) go to the solution u of the limit
problem (18) which is an ODE system, and, after that, we obtain the upper semicontinuity
of the global attractors for the problem (1).

2 Existence of global solutions and global attractor

Let us first remaind some definitions. Consider the system
ur + Au € F(u,v)

(P) < v+ Bv € G(u,v)
u(0) = up,v(0) = vy.

where A and B are monotone operators of subdifferential type defined in a real Hilbert
space H.

Definition 1 [25] A strong solution [weak solution] of (P) is a pair (u,v) satisfying:
u,v € C([0,T); H) for which there exists f,g € L*'(0,T; H), f(t) € F(u(t),v(t)), g(t) €
G(u(t),v(t)) a.e. in (0,T), and such that (u,v) is a strong solution [weak solution] (see
Definition 3.1 and Theorem 3.4 in [7]) over (0,T) to the system (Py) below:

ug + Au = f
() ui+Buv=g
u(0) = ug, v(0) = vy

Definition 2 /3, 4, 25] Let U be a topological space. A mapping G : U — P(H) is called
upper semicontinuous at u € U, if

(1) G(u) is nonempty, bounded, closed and convez.

(ii) For each open subset D in H satisfying G(u) C D, there exists a neighborhood V' of
u, such that G(v) C D, for eachv € V.

If G is upper semicontinuous at each uw € U, then it is called upper semicontinuous on U.

Definition 3 /3, 4, 25] Let M be a Lebesque measurable subset in R, ¢ > 1. By a
selection of E : M — P(H) we mean a function f : M — H such that f(y) € E(y) a.e.
y € M, and we denote by SelE the set

SelE ={f, f: M — H is a measurable selection of E'}.

In order to get global solutions we impose suitable conditions on terms F' and G.
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Definition 4 [25] The pair (F,G) of maps F,G : H x H — P(H), which takes bounded
subsets of H x H into bounded subsets of H, is called positively sublinear if there exist
a>0,b>0,c>0 and my > 0 such that for each (u,v) € H x H with ||u||g > mo or
vl > mo for which either there exists fo € F(u,v) satisfying (u, fo) > 0 or there exists
go € G(u,v) with (v,g9) > 0, we have both

1l < allulla + 0l + ¢ and |lglla < allulla +bljv]la + ¢
for each f € F(u,v) and each g € G(u,v).

Now, let us remaind the definitions of the Lebesgue and Sobolev spaces with variable
exponents. Considering p € LL(2) := {qg € L=(Q) : ess inf ¢ > 1}, then

LPY(Q) == {u : Q2 = R;u is measurable, / |u(z)|P@dz < oo}
Q

is a Banach space with the norm

el 1nf{)\ > 0; p(/\) < 1}

where p(u fQ |u(z)|P® dz. The following inequality will be used later
. T +
ming[[ull?,), [ull?,,} < / [u(@) [P dz < max{[|ul]f ., [l } (2)
Furthermore,
Wwhet) ={ue LPO(Q); |Vu| € LP¢ (Q)}

which is a Banach space with the norm
[ullwrro @) = [ Vullp@) + [ullp@)
The authors in [33] proved that the operator
ps(ar)—Qu

Ay = —div(D,|VulP* D 2Vu) + |u

is the realization of the operator A : X, — X}, X, := Wlr:()(Q)

Al /D|Vu )

ie., A%(u) = Aju, if ue D(A®) = {ue X; Aju € H} and it is a maximal monotone
operator in H. Besides, A® generates a compact semigroup and is the subdifferential of
the proper, convex and lower semicontinuous function ¢, ;) : H — RU {400} defined by
D
|Vu

1
Ps(®) oy +/ |u
Pp.(a) (u) = [ o Ps(7) o Ps(7)
400, otherwise.

IO 2u(@)o(w)dz,

Ps@=27y (1) - Vo(x d:c+/|u

ps@qr|, ifue X,,

(3)

Moreover, they proved that the system (1) has a strong global solution (us, vy).
Using the following elementary assertion we can obtain estimates on the operator only
considering two cases.



Proposition 5 [1] Let A\, v be arbitrary nonnegative numbers. For every positive «, 3,
a=>p,

1 {()\—i-,u)o‘ A+ <1,

AP > —
=20 YA+ ifA+pu> 1,

Then it is easy to show that for every u € X

+ .
N, if ul

Xs<1,

Roif ullx, > 1.

1 U
(A'u,u)xs x, > {” (4)

vt ||

From now on, we will denote X, := W'P:()(Q), Y, := Wh=0(Q), X := WP(Q) and
Y = whe(Q).

It is a known result that X, Y, C H with continuous and dense embeddings (see [15,
28]). Moreover, it is easy to see that

sl < A(19Q] + 1) fus|

Xss (5)

for all u, € X, and for all s € N.
By [25] we get:

o If Dy(ug,vg) is the set of all solutions of (1) with initial data (ug,vy) then

GS = U DS(Uo,Uo)

(uo,wo)eH X H

is a generalized semiflow in H x H which is called the generalized semiflow associated

with (1).
o [f G, is eventually bounded then G is asymptotically compact.

Therefore, according to Theorem 9 in [24] (see also Remark 6 in [24]), in order to assure
the existence of a compact invariant B-attractor for (1), it is enough to guarantee that
the generalized semiflow G, defined by (1) is B-dissipative and so, eventually bounded
and (-dissipative.

In this work we denote A°(w) := —div(D,|Vw|P*®=2Vw) + |w[P*®~2w, and analo-
gously B*(w) := —div(D,|Vw|®=®~2Vw) + |w|%®~2w; S* the semigroup generated by
A% and T, the multivalued semigroup defined by Gs.

Theorem 6 Let F,G : H x H — P(H) bounded, upper semicontinuous and positively
sublinear operators. There exists a bounded set B, in H x H and ty > 0 such that for any
vs € Gy, ps(t) € Bs, YVt > to. Then, in particular, the generalized semiflow Gy defined
by (1) is B-dissipative.

Proof. Let p; = (us,v5) € Gy a solution of (1). Then there exists a pair (f, gs) €
Sel F(u,,v,) x Sel G(us,vs), fs,9s € LY(0,T; H) for each T > 0 such that u,,v, satisfy
the problem

85”; + As(ug) = fs in (0,T) x £,

% + B(v,) =g, in (0,T) x €, (6)
us(0,2) = ups(x), vs(0,2) = vos(z) in €.
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Multiplying the first equation by u, we obtain

<8u5t(t)7us(t)>H + <A5(us(t)),us(t)>H = (f,(t), us(t)) 1.

Let I :=(0,T), I1s :={t € I : ||us(t)]
by (4)

={t €I:|us(t)]x, > 1}. Then

1d 1 + .
§%||us(t)||?{+ QP?HUS(t) RS us()e it € Ly,

and
1d 9 1

5%”%@)“1{ + 2EH“s@)

RS ft),us)y it € Iy,
Thus,
+ .
1d —a,%Hus(t)H?f + (fs(t),us(t))m if te I,

- v 2
2 "= e+ 00t e n

aPs

where a 1= 4(|Q] +1)? and 0 := ;-

oL
In an analogous way, multiplying the second equation in (6) by vs we obtain

%1 go(t), vs()m ift € I
4 {g(t), ve(0)) ift € Iy

L ool < { T
2dt" M) ey (1)

als

where Iy, == {t € I : |[vs(t)|ly, <1}, Los :={t € I : ||Jus(t)|ly, > 1}.
Now, let rg := i—si > 1 and 7 such that ri + %, = 1 then by Young’s inequality

(Ol < =+ ()

s

and so o
—Eﬂus(t)
Using (8) in (7) we get

1d

5 77 s Ol < =Collus (@117

+ o
i< (= el

+ (fs(0), us)r +C1 Vtel=(0,T),

where Cy := (2 @)t and C] :=

pap

In a analogous way, taking 7, := —, £ > 1 and 7 such that = 1 -+ 7% =1 we get

—llos@7 < =Callvs @)1 + (95(t), vs(0)ir +C1 VeI =(0,T),

where 02 02 Ca )L and Ol =

Thus, we obtaln

{

qaq

1+ (0, w0+ Gy
qHS' + <gs(t)7vs(t)>H + Cl

lus (@17 < =Callus(?)
los(ONI7F < =Callvs(t)

o[ NI
o Sl
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where Cy, Cy, Cy, C; are positive real numbers depending on 12|, L, p, q.
We can suppose, without losing generality that p; > ¢;. If p; = ¢; we obtain a

similar expression as (9) with ¢, on the place of p;. If p; > ¢, taking 0, := 1;—5 > 1, 0.
such that -+ 9, =1 and € > 0 we have

_ 1 1 _
lus(IE = EHUS( NE < 0 +9—8693|lus(t)||§5

and then
Cy

_C2Hu8(t) n 9/ ,9/

— Collus(D1%

So, we have that

{%%w%<w% (15 + (l0) w0 + o+
sl
)

0} c0s s (10)
os(D1I3; < —Collos(W1% + (gs(1), vs()) 1 + Ch

Now, we use that (F, G) is positively sublinear (see Definition 4) to estimate ( fs(t), us(t))
and (gs(t),vs(t)) . To do this, we have to consider the following three steps:

L If |lus(t)||lg < mo and ||vs(t)||g < mo then as F' and G take bounded subsets of
H x H into bounded subsets of H there exists C' > 0 such that

(fs@), us(®)rr < | fs(@) e l|us(B)][ 1 < Crng

dt

and

(95(),vs(t)rr < llgs@)[[[sv(®)]] < Cmo.
2. If flus(8)|lr > mo or [[os(t)[l > mo and (fo, us(t)) < 0 and (go, vs(t)) < 0V fo
F(us(t),vs(t)) and ¥V go € G(us(t), vs(t)) then (fi(t), us(t))n < 0 and (gs(t), vs(t))
3. If ||us(t)||gr > mo or ||vs(t) ||z > mo and (fo, us(t)) > 0 or (go, vs(t)) > _O or some
fo € F(us( ), vs(t)) or for some gy € G(us(t),vs(t)) then, for € > 0, ks :== & > 1 and

27
IRES

(¢ *)/
(010 OOl
< “alluy (O + =bllus(®)ll [0, (8) 11 + ~elus(®) 1

1 sanss 1 - 1 b\ (&)
< P € P h:s s t qs <_> s t
< (2) el + 5 (2) T I

(q5)
H

- 1 c\ (gs) 1 - -
2+ (—) + —€® |lus(t)||%

a4 (g7) \e a5
- 2 - - € 1 /b\(&) —y
= —67—1——6‘13) us(t qs—i———(—) vs(t (@)
(=% sl + o= (2) T Il
K \€ (g7) \e

2 2 - -
< (—e : +—eq5>|us(t) = S s ())|%
R | ROl PR T

O ) 50"

S




and on an analogous way
v,

2 o 2 - N -

(on(1),0n(1)) < (=% + e Y57+~ (D15
+[1<1 1 (a)(qs)’>V;+ 1<b>ﬁ’s+ 1 (c>(qs)’]
vi\e (g ) \e Ky \€ (g5) \e '

Therefore, joining up 1.), 2.) and 3.) we get

17

2 4 2 - = s =
() () < (=T + =6 a5+l +moC
1/1 1 /b\@I\% 1 a\s 1 gey@)
—(= - —(= - 11
+[V§<e(qs—)’<e> ) +m;<e> +(q5—)’(e> ] (11)
and
2 w2 P o
(90(6), () < (=€ = )5 + 5Dl +moC
1 /1 1 gan@'\“ 1 /byes 1 sey@)
—(= - — (- - . 12
+[V§<e(qs—)’<e> ) +/<a;<e) +(qs—)’(e) ] (12)
Using (11) and (12) in (10) we get
sarllus(F < (- G+ L+ q%eq;> lus@)5 + SEllos@% + Cs(e, s)
o3 < (= Cot et 4+ Zew ) oyl + 5o us®lf +Cile,s)
where
1 1 /b\(@&)\¥% 1 sa\ks 1 ey 0sCy
S =ml+ [0 ) = 0) ) | +o+ g
Gl =mC [y e w\e) Tyl g

et =mo s [k ()Y O k()] e

s

Thus, adding the last two inequalities we obtain

1d Cy0, 2 a2 - €
(st + a0l ) < (== + =+ e+ ()

2 dt
~ 2 a4 2 - € o
+(—02+—_6 2 +q—_€qs + y )Hvs(t) = +Cg(€, 8)+C4(€, S).

S S

qs
H

Vs

s

As € > 0 is arbitrary, take ¢y sufficiently small such that

2 % 2 - & C Cofs _ ~
S 4+ —el L <2 and 2 > (.
qs_ s_ I/S 2 EOS




Then
1d

5 2 (Il + N I) < ~Cs (Jluto

where C5 := % > 0 and Cg(s) = Cs(eq, s) + Cy(eg, s) > 0.

B+ los(®)

;1) + C(s)

Thus,
L (s + o)1) < ~Cs (eI + o015 +
<_f£@%<mz+mxnm)g+%<»

Therefore, the function y,(t) := ||us(t)[|% + ||vs(t)||% satisfies the inequality
2C5
2%

ys(t) < — (t)% +2Cs(s), t>0.

From Lemma 5.1 in [34] we obtain

—1
. ( ) 2/qs . (qs—
20%(s 205 q, 7_
< e - C )
v = | =5 - [2%—/2 ( 2 1> t}
245 /2
—1
2/q5 qs
2C(5)2% /2 205 (qr (— - 1)
So, considering ry := ( 2C: + {2%_;2 (% - 1)} 2 and tp =1
we have ||us(t)||% + [[vs(t)||3 < 1y, for allt > t;. =

We conclude that G, has a compact invariant global B-attractor A,. The global
B-attractor A, is unique and given by

A = U ws(B) = wsp(H x H).

BEB(HxH)

Futhermore A, is the maximal compact invariant subset of H x H, and is minimal among
all closed global B-attractors. We also have that A, is the union of all complete bounded
orbits in H x H (see Theorem 15 in [24]).

3 Uniform estimates

In this section we prove uniform estimates in H x H and X, x Y, on the solutions of (1).

Lemma 7 If (us,vs) is a solution of (1), then there exist positive numbers ro and a
constant to > 0 such that ||(us(t), vs(t)||axm < 70, for each t >ty and s € N.
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Proof. The same arguments employed in the proof of Theorem 6 can also be applied
here, but now use from the beginning the hypothesis p; > p, q; > ¢, pf < L, ¢t < L,
for all s € N and we obtain

1d

§%Hus(t)|ﬁq < =Collus@)5 + (fs(t),us())m +C1 Vi e l=(0,T),
and 1 d

§%Hvs(t)\l?f < =Collos(@)I5 + (gs(t), vs())u + C1 VeI =(0,T),

Thus, we obtain

{%%Hus(t)ﬂfr{ < =CollusO% + (fo(8), us ()i + Cr
Lyl (1)1 < =Collvs ()% + (g5(t), vs()) i + Ci

where Cy, Cy, Cy, Cy are positive real numbers depending on |Q|, L, p, ¢. Now, repeating
the procedure with 6 := p/q, k := q/2, v := q/q’ we obtain the result. =

Remark 8 The constants ro and ty in Lemma 7 are independents of the initial values
and can be chosen uniformly on s € N.

Corollary 9 There exists a bounded set By in H x H such that A; C By, for all s € N.

Lemma 10 If (us,vs) is a solution of (1), then there exists a positive number K =
K (ugs, vos, to) such that ||(us(t), vs(O)||axa < K, Vt € [0,t0]. If the initial values are all in
a bounded set of Hx H, then K is uniform on s and we have that ||(us(t), vs(t) ||laxa < K,
for each s and for each t € [0,to]. In this case we can consider to = 0 in Lemma 7.

Proof. As (us,vs) is a solution of (1) there exists a pair (fs,gs) € Sel F(us,vs) X
Sel G(us,vs), fs,9s € L'(0,T; H) such that us, v, satisfy the problem

Qs + A%(us) = fs in (0,T) xQ,
G+ B (v) =g, in (0,7)xQ, (13)
us(0, ) = ups(x), v5(0,2) = vos(z) in Q.

Then, multiplying the first equation on (13) by wus(t) and the second one by v4(t), summing
up and using that (A*(us(t)), us(t)) > 0 and (B*(vs(t)), vs(t)) > 0 it follows that

= (a0 + en(6)132) < (0, a(0)) + (gu(6)), (6

Now, we use that (F, G) is positively sublinear to estimate (f5(t)), us(t)) and (gs(t)), vs(t))
and we obtain

57z (sl + los@)l17) < Cr (lus (Ol + los@)llz) + Co. (14)

where (' is a positive real number depending on a, b, c and Cj is a positive real number
depending on mg. Integrating (14) from 0 to t < ¢y we obtain

t
lus @117 + Tos @1 < (luosllz + llvosllZ) + /0 2C, (Jlus()17 + llos(7)ll3) dr + 2Csto.
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By Gronwall-Bellman inequality
lus(O)17 + o < (luosllF =+ llvos|l7r + 2Cato) €210, Vit € [0, 4],
and the assertion on the lemma follows. m

Lemma 11 If ¢, := (us,vs) € Gy, then there ezist positive constants K > 0 and t; > to,
independents of s, such that

s (D)l xoxve = [lus(®)]lx, + [Jos(?)

for every t > t; and s € N, where t is the positive constant in Lemma 7.

Proof. Take t; > t5. As (us,vs) is a solution of (1) there exists a pair (fs, gs) €
Sel F(ug,vs) x Sel G(us,vs), fs,9s € L*(0,T; H) such that u,, v, satisfy the problem

Qs + A%(us) = f, in (0,T) x Q,
8vs+BS( =g, in (0,T)xQ.

Considering ¢, () as in (3) we obtain

om0 = (0n(u0). 520

- <fs(t) — %(t), %(t) — fs(t) + fs(t)>

=20 + <f ()~ Lae). 1 (t)>
S at H S at b) S
for a.e. tin (0,7). Therefore,
d 1 ou, , |I° 1
om0+ 520 - G| < FIA08

Now by using Lemma 7 and the fact that F' and G are bounded, there exists a positive
constant Cy such that || fs(t)||g < Cp for all t > 5 and s € N. In particular,

d 1 1
S oo s()) < SISO < SCB V2o, sEN. (15)

By definition of subdifferential we have the following inequality

Pps(x) (us(t)) < <890ps($)(u8(t))7u8(t)>-
Thus

5 OB+ (1) < { G200 ) + O ), ()
= (0. ) < W Olalls(®ll < Cora (16

10



for all t >ty and s € N. Let t > ¢y and r := t; — ¢ty > 0. Integrating (16) from ¢ to t + r
we obtain

t+r 1 1
| ntumldr < Sl + Cor < 53+ Corr =4 (17)
t

for all s € N. From (15), (17) and the Uniform Gronwall Lemma (see [34]), we obtain

A 1 -
Ppaa) (Us(t)) < P 5037” =7,

for all ¢ > ¢; and s € N. Using (3) we obtain ||lus(t)||x, < K; for all ¢ > ¢; and s € N for
a positive constant K;. In a similar way, we conclude ||vs(t)|]y, < K for all ¢ > t; and
s € N for a positive constant K, and the assertion on the lemma follows. m

Corollary 12 a) There exists a bounded set Bf in X x Yy such that A; C B3,
b) Let (us,vs) be a solution of problem (1). Given t; > 0 there exists a positive constant
ro, independent of s, such that

[us@lx + llos(@®)lly < 72,

for allt >t and s € N.
c) A= en As s a compact subset of H x H.

Lemma 13 If (us,v,) € G, and there exists C > 0 such that ||ugs| x, + ||vos
all s € N, then we have that there exists a positive constant K such that

(s (), vs(2)]

In this case we can consider t; = 0 in Lemma 11.

vy, < C for

XoxY, < K VseNandVt e [0,t4].

Proof. Given t; > 0, if (us, vs) is a solution of (1) then multiplying the first equation by

s (¢) we have that

50|+ (oG = (0.5 0)
As (A%(0, (1)), 25 (1)) = . (us(8) we obtain
55|+ enetu < G100

and then p .
o walt) < IO
Using Lemma 10 and the fact that F'is bounded we conclude

d
Egops(x)(us(t)) < C, for all t € [0,¢1],s € N,
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where C; > 0 is a constant. Therefore, integrating the equation above from 0 to 7, for
7 < t1, we obtain

Ppo(2)(Us(T)) < Ppy () (os) + Cita, for all 7 € [0,¢],s € N.
In a similar way, we obtain

Pas(2)(V5(T)) <@g () (vos) + Oty for all 7 € [0,t1],s € N.
where Cy > 0 is a constant and the result follows. m

Corollary 14 Let (us,vs) be a solution of (1) with initial value ugs, vos. If there is C > 0
such that ||uos||x, + ||voslly, < C for all s € N, then given t; > 0 there exists a positive
constant Ry such that

lus(®)llx + s (Olly < By,
for allt € [0,t1] and s € N.

4 The limit problem and convergence properties

Our objective in this section is to prove that the limit problem of problem (1) as Dj
increases to infinity and p,(-) = p > 2, ¢s(-) = ¢ > 2 in L>(Q) as s — oo is described
by an ordinary differential system. Firstly we observe that the gradients of the solutions
of problem (1) converge in norm to zero as s — oo, which allows us to guess the limit
problem _

U+ ¢p(u) € F(u,v)

0+ ¢,(v) € G(u,v) (18)

u(0) = ug, v(0) = vy,

where ¢,(w) = |w[P~?w, F = Firxr, G = Grxr : R x R = P(R) if we identify R with
the constant functions which are in H, since {2 is a bounded set.

The proof of the next result follows the ideas of [27], but some adjustments are neces-
sary for this variable exponent case. To obtain the limit equation we prove firstly the

Theorem 15 If (us,vs) is a solution of (1), then for each t > t, the sequences of real
numbers {||Vus(t)|m}sen and {[|Vus(t)||m}sen both possess subsequences {||Vug, (t)||m}
and {||Vus, (t)||z} that converges to zero as j — 400, where ty is the positive constant in
Lemma 11.

Proof. Let T'> 0 and t € (¢;,7T). Let (us,vs) be a solution of the problem (1). There-
fore, there are f,, g, € L'(0,T; H), with f,(t) € F(us(t),vs(t)), gs(t) € G(us(t),vs(t))
a.e. in (0,7, and such that (us,vs) is a solution of the system:

(9113 + A’u, = f in (0,7)
=g i (07) (19)

us(o) = Ups, Us<0) = Vos

12



Doing the inner product of the first equation of (19) with u,(7), it comes that

ps d:v+/|u8( )
qs(x da:~l—/|v

Now by using Lemma 7 and the fact that F' and G are bounded, there exists a positive
constant Cy such that || fs(7)||g < Co and ||gs(7)||g < Cp for all T >ty and s € N. Then

(fs(r), us(7)) <\ fs () llus(T) | < Coro

1d
2 dt

D ua(r)I + D, / Vs (r @ e = (fy(r)us(r). (20)

Analogously, we have that

)= dx = (g(7),v5(7)). (21)

3o+ D [ 9z

and

(95(7), vs(7)) < Ngs ()| llvs(7) [ 11 < Coro.
Then, adding the equations (20) and (21), we obtain

o (Il + 1) + 2. [ 19007

—l—/ lus(7) psxd:c—ir/ lvs(T
Q Q

As fQ s (7)|Ps®) da + fQ lvs (T

QS(z)dx

)P dx—l—D/|Vv

)|=@dz < Cs, a.e.in (t1,T).

)|%®@)dx > 0, we have in particular that

1d

337 (It + (7)) + D [ 19000 ) 0dr < Cy, (22)

pa( d:c—l—D/]V’u

a.e. in (t1,T). Integrating the inequality (22) from t; to T, we obtain

%<I|us(T)Ilé+ ||vs(T>||?f> + D, /:/QWUS(T)
+DS/T/ [Vuy(T)

< [ cuar s (@)l + sl

t1

< C3T +rf = k(T).

g[@wm
mfﬁmm

13

Ps (@) dodr

=) dzdr

In particular

P@dydr < k(T)

and
@@ drdr < k(T),




that implies

T
1
/ / Vo, (1) [P* @ dadr < Fk(T) — 0 as s = +o00.
Q s

Therefore there exists a subsequence s; such that

/Q Vug, (1)

and so there exists a subset J C (t1,7) with Lebesgue measure m((¢y,7)/J) = 0 such

that
/ |V, ()
Q

Given t € (t1,T) we claim that there is at least one v € J with v < ¢, on the contrary
we would have (¢1,t)NJ =0, so m((¢t1,T)/J) > 0 which is a contradiction. Now pick one
veJwitht, <v<tandlet h=t—wv. Let ¢ > 0 and jo = jo(¢) > 0 be such that if

7> 7o then
[ 190, )
Q

P @y — 0 as j — +o0o, T —a.e.in (t1,7T),

P; @y — 0 asj — +oo, V1€ J

Pe @)y < %.

We have that

d d
77 Prey @) (us; (v + 7)) = <8<ppsj (@) (us; (v + 7)), EUSJ(I/ + T)> , a.e.in (0, 7).
Therefore
/ D, |Vus. (v + h)|P x)der/ lug. (v + )P dx
psj( z) ps; ()7

ps; () 7,

1
SJ Vus S(z)dx—/—us. v

= wps.( )(usj (v + 1)) = @p,, (@) (us, (V)

hq
~ [ Fen o+ 7)) dr
0 T
d
a‘:@ps]-(x)(qu(V""T))v EUSJ' (v+ T)> dr

d d
_ %usj(y +7), %usj(y + 7')> dr

>
3/\/\/\&.
f\ﬁ
’€
_I_
3

d "/d d
fs.(v+7),—us, (v+71) ) dr — —us. (V+7T), —us, (v+7) ) drT
! dr ™ o \dt "’ dr ™
2

dr
H

1

1 " d
<5 [ Mo enia-3 [

1

2

EUSJ(V +7)

1 [" 1
< /Hfs I/+T)HHdT< /C’ng:§Cgh.

14



Thus,

D,
|9+ )
Q

D,
ij(Z)dzvg/ —~|Vug, (v)
p8j<x) Q

ps; ()
1 2

1
psj(’”)dx+/ us. (v
stj(ﬂf)’ )

Then,

LC2h

Ps; (@) g 4 T
S5

/Q |Vus, (v + h)

L
P @) gy < —/ |Vus, (v)
2 Ja ’

L
Ps; (z)d _
TN /Q fus; ()

So, using (2) and Lemma 11

L LC2IT -t
po@ gy L ger, LGIT =t
rep, M T e,

L
/ Vs, (v + h) P ®dy < _/ Vg, (v)
Q 2 Q

where K is the positive constant which appear in the Lemma 11.
Thus, choose j; = ji(¢) sufficiently large such that

L LCZ|T — |
_— gt zZxzolm 9
oD, T ap, <

whenever j > j; and, moreover, we consider j, = jo(¢) = max{jo, j1 }. For j > j» we have

[ 190 0F = [ 90,0 0= )
Q Q

L L LC2|T — 1]
<= [ \Vu, ()PP dp + —— gL =220 1
—2/9‘ us et gy K oD,
< : + - €
2 2 7
Thus, for 7 > 7
| ey @
min{ || Vs, (t) pay (@)’ [ Vus, (1) P, (z)} < i |Vug, ()| dx < e.

As ps;(2) > 2, [[Vug, ()] < 2(12 + 1)V, (1)

ps, (a) WE obtain
| Vg, (t) |z— 0 as j — 4o0.
Analogously we conclude that || Vg, (t) ||z— 0as j — +oo. m

Proposition 16 If (us,vs) is a solution of problem (1) in (0,t1), then for each t € [0, 1],
the sequences of real numbers {||Vus(t)|p}sen and {||Vvs(t)||4}sen remain limited as s —
+00 whenever the initial values will be such that ||uos|| x, +|vos||y, < C for all s € N. If the
initial data are equal to a same constant, i. e., if (us(0),v5(0)) = (ug, vo) € RxXR, Vs €N,
then for eacht € [0,t4], the sequences of real numbers {||Vus(t)|l,}sen and {||Vvs(t)||q}sen
converges to zero as s — 400, respectively.

15



Proof. In fact, let (us,vs) be a solution of problem (1) in (0,¢;). Therefore, there are
fs,9s € L (O,tl,H), with fs(t) € F(us(t),vs(t)), gs(t) € G(us(t),vs(t)) a.e. in (O t1), and
such that (us,vs) is a solution of the system:

Oug

¢
s

+ A’ug = f; in (0,t)

o + B®v, = g, in (0,¢)
us<0) = Ugs, Us(o) = Vos

Ous

Doing the inner product of the first equation with at , we obtain
du () ||>  d Ous(t)
= s t [N
|2 s ) = { 1.0 2]
Ou(t)
<|I£.(t b h N4
<A | “5 2|
1 Au(t) ||”
<slaol+3 |22
In particular,
d 1
o (ualt) < IO (23)
Since [Jups||x, + ||vos|ly, < C for all s € N, using (5) we have that the initial values are in

a bounded set of H x H. Using Lemma 10 and the fact that ' and G take bounded sets
of H x H in bounded sets of H, it follows that there exists a positive constant C' such
that || fs(t)||3 < C, Vit €[0,t1] and s € N. Computing the integral of 0 to 7, 7 € [0, 4]
n (23), we obtain
1
o) (Us(7)) < Pp, @) (t0s) + 50,

V7 €[0,t;] and s € N. Therefore,

1
Dy | ——|Vuy(7)|P*@dz + /

1
o Ps() o Ps(7)
1 1 1
| Vtugs[P*@ da +/ lugs |P*@dx + =Cty, V71 €[0,t;] andV s € N.
Q ps(x) 2

’ st( )
QDS uOS

[ v

for all 7 € [0,¢;] and s € N. Analogously we prove that

L
Vg (T /vs
g 2m(9u

Since ps(z) > p, ¢s(x) > q and ||ups| - < C for all s € N the result follows
using (2). m

[us (7) [P dx

<D

Then

ps(z)

L
ps(m)dl‘ S 5/ |VUQS ps(m)dx -+ Ct1> 5
Q

qs(z)

L
)| %@ dr < 5/ |Vos () dy + Ctl) :
0

Xs + ||UOS

16



The Lemma 15 confirms that the equation (18) is a good candidate for the limit
problem.

Lemma 17 [26] The problem (18) has a global solution.

Theorem 18 [26] The problem (18) defines a generalized semiflow G which has a global
B-attractor A>.

The next result guarantees that (18) is in fact the limit problem for (1), as s — oc.

Theorem 19 Let (us,vs) be a solution of the problem (1). Suppose that the initial values
(us(0),v5(0)) = (ups,vos) — (ug,v9) € R x R in the topology of H x H as s — +oo.
Then there exist a solution (u,v) of the problem (18) satisfying (u(0),v(0)) = (ug,vo)
and a subsequence {(us;,vs;)}; of {(us,vs)}s such that, for each T > 0, ug, — u, vy, —
vin C([0,T]; H) as j — +o0.

Proof. Let be T' > 0 fixed arbitrarily large. Let (us,vs) be a solution of the problem (1)
with (us(0),v5(0)) = (ugs, Vos) — (ug,v9) € RXxR in H x H as s — 400. Therefore, there
are fs,gs € L'(0,T; H), with

fs(t) € Fus(t),vs(t)), gs(t) € G(us(t),vs(t)) a.e.in (0,7),

and such that (us,v,) is a solution of the system (P!) below:

+ A’ug = f; in (0,7)
() { B

S

+ Bvg = g in (0,7)

us(o) = Ups; Us(o) = Vos

ups) fs(+) and vs(+) := I(vps)gs(-) and also denote by zs(:) :=
)gs(+) being the solutions of the problems

0z
S AS —
<Pfs,uO>{ g TS

We denote u,(+) = I(u
I(ug) f(+) and wy(-) == I(vg

25(0) = ug
and 9
Ws
+ B*ws = g,
(Pgs 'UO) at g
ws(0) = vy,
respectively.

Doing the inner product of the first equation in (P}) with u, and computing the
integral of 0 to t, t < T, we obtain

3 1) = 5 o I+ [ (),

17



As {ugs} is a convergent sequence we have that there exists a positive constant R such
that || us [|%< R% Thus,

1 1 ¢

3 (0 3= 3R+ [ (A7) ua(har

2 2 0

Using the hypothesis that the couple (F,G) is positively sublinear and the Gronwall’s
inequality we obtain that there are positive constants «, 3, v and C' such that

lus(@) lr SCH+ 7T+ Jylo | us(7) [l +6 | vs(r) [|uldr.

So, there is a positive constant M independent of ¢ € [0, 7] such that

t
| us(t) [[m< M+/ [a [ us(7) [l +6 || vs(7) l]dT.
0
Analogously, there exists a positive constant M independent of ¢ € [0, 7] such that

t
[ 0s(t) la< M+/O [6 | us(7) |l +a || vs(7) [[a]dr,
Adding this two inequalities and denoting by N = M + M and p = a+ [ we have

[ us(®) [+ [ 0s(t) < N+p/0 Wl us(r) [l + 1] 0s(7) [l ldr

and so it follows by the Gronwall-Bellman’s inequality that
Fus(t) 1 + [ vs(t) [l < Ne™,

for all t € [0,7] and for all s € N,
As F and G takes bounded sets of H x H in bounded sets of H, it follows by the
inequality above that there exists D > 0 such that

| fs®) llg< D and | gs(t) |lg < D, forallt€0,T]and for all s € N.  (24)

Consider K := {fs;s € N}, K := {gs;s € N}, M(K) := {z;s € N} and M(K) :=
{w,; s € N}. It follows by (24) that K and K are uniformly integrable subsets in L!(0, T’ H).

Given t € (0,7] and h > 0 such that ¢t — h € (0,7, we consider the operator T}, :
M(K)(t) — H defined by Tpzs(t) = S°(h)zs(t — h). We can adapt the prove of the
Statement 1, p.15 in [25] to the variable exponent case to prove that the operator T), :
M(K)(t) — H is compact.

Then, by Theorem 3.2 in [25], the set M(K) is relatively compact in C([0,T]; H)
and so there are z € C([0,T]; H) and a subsequence {z,} of {z} such that z,, — z in
C([0,T]; H).

As each z, is a solution of (P, ,,) in (0,T), then by Proposition 3.6 in [7], z,, verifies

31O =0 <512, @ =01 + [ () —pz) =0 9
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for all § € D(A%) c W'P=O(Q) c H, y; = A%(#) and for all 0 < ¢ <t < T.
Analogously, we can show that there exists w € C([0,T]; H) and there exists a subse-
quence {ws, } of {ws} such that w,, — w in C([0,T; H), verifying

3 10,0 =0P< 51w, 00+ [ (o, = ppw () —0)ar  26)

for all § € D(B%) ¢ W O(Q)  H, y; = B () and for all 0 < £ <t < T.
As || fo;(7) |la< D and || g,(7) [|[a< D, for all 0 < 7 < T and for all j € N, we
conclude that there exists a positive constant D such that

I fo, 20z < D and I g5, 20y < D, forall j €N.

As L*(0,T; H) is a reflexive Banach space, there are f,g € L*(0,7; H) and subse-
quences, which we do not relabel, {f,;} and {g,,} such that f,, — f and g,, — g in
L?(0,T; H). Consequently f,, — f and g,, = g in L'(0,T; H).

Statement 1: u,, — z and v, — w in C([0, T}; H) and moreover f(t) € F(z(t), w(t))
and g(t) € G(2(t),w(t)) a.e.in [0, T].

In fact, let be t € [0,T]. We have

sy () = 2(8) | <l ws, (8) = 25; (&) 1 + | 25,(8) = 2(2) |l -

Then,
sup || ws,;(t) — 2(t) ||o < sup || I(uos; ) fs;(t) — I(uo) fs; (1) ||
te[0,7) te[0,T]
+ sup || z5;(t) — 2(t) |u
te€[0,T]
< ” Ups; — Uo ”H + sup || Zsj(t) - Z(t) ||H_> 0
te[0,7

as j — +00. So u,; — z in C([0,T]; H) as j — +o00. Analogously we show that vy, — w
in C([0,7]; H) as j — +o00. Then, by Theorem 3.3 in [14], f(t) € F(z(t),w(t)) and
g(t) € G(2(t),w(t)) a.e. in [0,T].

Observe that
fo, = f in L*O0T;H)=f,—~f in LtH)NVO<(<t<T;
and
zs, — 2in O([0,T); H) = z,;, — 2z in C([(,t]; H)

and consequently
ze, =z in L*0tH),VO<{<t<T;

J
then
(fs, =M 2zs; = O 2y = (f = 1,2 = 0) 20,
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for all 6,7 € H.

Now consider § € R C H and let h := ¢,(f) € R C H. We consider y; := A% () =
—div(D,,| V0[P ®)=276) + |9|*=s)7%9. Note that D(A%) DR, ¥ j € N and since 0 is a
P+; (M2 By (25) we know that

constant function V6 = 0, so Y = ]9

1 — 1 _ t
3 150 = P <5 120 =0 1 + [ {£7) =32, (1) = Dir

—5 100+ [ () =R =Bir(20)
—i—/ﬁ (h —y;, 2, (1) — O)dr.

for all 0 <1 <t < 7T and for all j € N. We claim that f;(ﬁ— Yj, 25, (T) — B)dr — 0 as
j — oo. In fact, for § = 0 this is immediate and if # # 0 then for each 7 > 0

P@ (z)—

=y, () =Bl < [ (|10~ 1o

)iz (Plde + [ |7 = ot
Since py, () — p in L>(Q) as j — oo it follows by Dominated Convergence Theorem that

PRI
Q

On the other hand, using the Mean Value Theorem we obtain

(o

where p < 7(s;,r) < ps,(x). Thus, considering g, (-) such that

([ —o

1 - 1
< ||ps- — lloe / |9|(T(Sj,z)+1)qu(fr)dm_|_/ |Zs- T)
S we @ poy @)

n(7(sj,x (z 1 o (x
<|Ips; — Pl /Q|9|( (s5,2)+1)as; ( )d$+§/ﬂyzsj(7>p]( )dx]

By Lemma 13 there exists a constant C' > 0 such that [, |z, (1) @ dy < C for every
7€ (¢, t)and j € N.

On the other hand, asp+1 <7'(5], r)+1<pg(r)+1<L+1and1<g,(z) <2we
obtain [, 19|t 0e; ) gy < O j € N. Thus, considering C' := C' + C' > 0, we have

(-

ij (CE)

O ) (e < [ 7 (1) e (0) )l (7)o

+-—==1, Vz e,

Ps; (w) qs, (w)

we have

pS]' ((E)

e (Dlde <l =pl [ B (Plda

psj (:L‘) dx]

g|ps; (@)= 1‘>|zsj(7)|dx < ||p5]. —pl|leeC — 0 as j — oo,
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and we conclude that
t
/ (h — Y, %s; (T) —0)dr — 0 as j — +oo.
¢

Thus, taking the limit as j — 400, in (27) we obtain

1

AR - (I OR +/€ (f(7) = h,2(7) — O)dr (28)

N | —

for all @ € R, h := qﬁp(@) and forall 0 </ <t <T.
In the same way we can show that

3 0 =01P< 5 1 wt0) =8 1 + [ to(r) = Fulr) ~B)ar

for all@ER,E::gzﬁq(g) and forall 0 </¢<¢<T.
Statement 2: z(t) and w(t) are independents on x, for each ¢t > 0.

In fact, let be t > 0. We already know that z,(t) — z(f) in H. Since z,,(0) =
ug, V j € N, then by the Proposition 16 and Theorem 15 we have that ||Vz, (t)||z — 0
as j — +00. We also have that z,,(t) € D(A%) C W' (Q) C WH2(Q). Then, by the
Poincaré-Wirtinger’s inequality (see [6])

stj(t) - zsj(t)HH < CHstj(t)HH —0asj — +oo.

Then

b2 (8) = 5, + 7 0 — 2Ol
i + [126,(8) = 25, (D)l
+ || zs, (t) — 2(t)||z — 0 as j — +oo0.

So z(t) = z(t) := ﬁ Jo 2(t)(x) de.

Analogously, we show that w(t) = w(t). As we would like to prove.

N
—
~
~—
|
S ‘
—~
~
N—
iy
I
Y
—~
~
N— N—
|
N
&
~
SN— N~—

We already show in the Statement 1 that f(¢) € F(z(t), w(t)) and g(t) € G(z(t), w(t))
a.e. in (0,7). Therefore f(t) and ¢(t) are independents on z, t-a.e. in (0,7).
Thus, from (28)

30 =191 < 510 =0PI0l + [ [ (1) = W) =) da o

So
3120 =0 < 5O =P + [ () = B)(e(r) =) dr
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forall @ € R, h:= ¢,(f) and for all 0 < ¢ <t < T.
Ift =¢ =0, we have 2(0) = lim;_, ;o 2,,(0) = lim;_, o up = up. Therefore
312(0) = 0] = gluo — 0],

So

forall § € R, h:= ¢,(f) and for all 0 < ¢ <t < T.
In the same way,

1 —
Slw(t) 3 <

for all @ € R, h := ¢,(0) and for all 0 < ¢ <t < T.

So by the Proposition 3.6 in [7], we conclude that (z,w) is a weak solution of problem
(18) with (2(0),w(0)) = (ug,v0), but as f,g € L*(0,T; H) we have in fact that (z,w) is a
strong solution of problem (18). m

Remark 20 The Theorem 19 continues valid without the hypothesis (ug,vy) € R x R,
whenever (ugs, vos) € As, V s € N, because in this case we prove, analogously as was done
in Lemma 4.1 in [27], that ug and vy are independents on x.

The proof of the next result is completely analogous as in [26], but for convenience of
the reader we put the proof.

Theorem 21 The family of attractors {As}sen associated with the problem (1) is upper
semicontinuous on infinity, on the topology of H x H.

Proof. Let {(uos, v0s) }sen be an arbitrary sequence with
(uos, vos) € As, Vs € Nand Dy — 400 as s = +00.

By Corollary 12¢, there exists a subsequence, that we still denote the same, such that
(uos, vos) = (ug, vo) in Hx H as s — +o00. By [10], it is enough to prove that (ug, vy) € A>.
Using the invariance of the attractors, Theorem 15 and Poincaré-Wirtinger’s inequal-
ity, we can prove analogously to the Lemma 4.1 in [27], that (ug,vo) € R x R.
For each s € N, consider t; > s, t; < ty < ... < ty < .... By invariance of the
attractors, there are (xg,ys) € As and solutions ¢® = (¢35, ¢3) € G, with ¢*(0) = (xs, ys)
such that ¢®(ts) = (uos, vos) — (ug,v0) in H X H as s — 4+00. Note that

©*(ts) € Ty(ts)(ws,ys) € As, Vs €N,

ts
By the definition of generalized semiflow, for each s € N, the translates <gps) also

ts
are solutions, and we have (cps> (0) = (ug,v0) in H x H as s — +o0.
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Using Theorem 19, we obtain that there exist a solution go of the limit problem (18)
ts
with ¢o(0) = (uo, vo) and a subsequence of { (gp‘*) } , that we still denote the same, such
S

that .
(gps> (t) = go(t) in H x H as s — 400, ¥Vt >0.

Now we consider the sequence {p*(t; — 1)}. Note that
P*(ts — 1) € Tu(t, — 1), 9s) C | As
that is a precompact subset in H x H, then, passing to a subsequence if necessary,

(ts—1)
(g05> (0)=¢°(ts—1) =2 in Hx H as s — +00.

As for each s € N, ¢ is a solution beginning on the attractor Ay, we obtain by the
invariance of the attractors that the sequence of initial values

P*(ts—1) € Ay, Vs eN.
So using the Remark 20 and Theorem 19, we obtain that there exist a solution g; of the
limit problem (18) with ¢;(0) = 2; and a subsequence of {<¢5>(t5_1)} , that we still
denote in the same way, such that ’
((pS)(tSl)(t) —¢g1(t) in Hx H as s — +oo, Vt > 0.
Now note that gi = g, since for each t > 0, we have
gl = au(t +1) = Tim ()" D (t+1) = Tim (9)(1) = go(r)

Proceeding so inductively , we find for each r = 0,1,2,--- , a solution g, € G* with
9-(0) = z, such that g;.; = g,. Givent € R, we define g(t) as the common value of g, (t+7)
for r > —t. Then we have that g is a complete orbit for G* with g(0) = go(0) = (uo, vo).

Note that for each t > 0, r =0,1,2,--- , we have that each
(ts—r) (ts—r)
g-(t) = 111}1 (gps> (t) and <gps) (t) e As, VseN.
S—r+00

Working with the coordinated functions and using the invariance of the attractors, the
Lemma 15 and the Poincaré-Wirtinger’s inequality, we can prove, analogously to the
Lemma 4.1 in [27], that each g,(¢) independents on z. Consequently, we obtain that g(¢)
is a constant function on xz. As A, C |J,As, V s € N, we obtain that there exists a
constant C' > 0 such that ||g,(t)||gxy < C, Vt>0and r =0,1,2,--- . So, in particular,
we have that g(t) is bounded in H x H. Then, there exists a constant C' > 0 such that

1 -
|9(t) |rxr = |Q|—1/2||9(t)||HxH <C,VteR

So, we conclude that g : R — R x R is a complete bounded orbit for G*> through

(w0, vo)-
Using the Theorem 15 in [24], we obtain that (ug,vy) € A®. m
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Remark 22 Note that if ps(-) = p and qs(-) = q the family of attractors is also lower
semicontinuous since each solution of (18) is also a solution of (1). For the general case
of variable exponent, lower semicontinuity is an open problem.
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