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Abstract

Logarithmic signatures (LS) are a kind of factorizations of finite groups which
are used as a main component of cryptographic keys for secret key cryptosystems
such as PGM and public key cryptosystems like MST'1. As such, logarithmic signa-
tures of short length are of special interest. In the present paper we deal with the
fundamental question of the existence of logarithmic signatures of shortest length,
called minimal logarithmic signatures (MLS), for finite groups. First studies of
the problem can be found in [7], [3] and specially in [4], where Gonzdlez Vasco,
Rotteler and Steinwandt show that minimal logarithmic signatures exist for all
groups of order < 175,560 by direct computation using the method of factoriza-
tion of a group into “disjoint” subgroups. We introduce new approaches to deal
with the question. The first method uses the double coset decomposition to con-
struct minimal logarithmic signatures. This method allows to prove for instance
that if ged(n,q — 1) € {1,4,p | p prime}, then the projective special linear groups
L, (q) have an MLS. Another main goal is to construct MLS for all finite groups of
order < 10'°. Surprisingly, the method of double coset decomposition turns out to
be very effective, as we can construct MLS for all groups in the range except a small
number of 8 groups. We are also able to prove that if an MLS for any these 8 groups
exists, then it cannot be constructed by the method of double coset decomposition.
We further discuss a method of construction of MLS for groups of the form G = A.B
with subgroups A, B and AN B # 1, by building suitable MLS for A and B and
“glueing” them together.

Key words. Logarithmic signatures, group factorizations, double cosets, finite
simple groups, cryptosystems.
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1 Introduction

Most of the well-known public-key cryptosystems which are still unbroken are based on
certain intractable problems in large finite abelian groups, such as the multiplicative



group of units in the ring Z,, with p, ¢ primes, the multiplicative group of a finite field
or a cyclic subgroup of the group of rational points of an elliptic curve over a finite field.
From the group-theoretic point of view abelian groups have simple and well understood
structures, however; and thus the intractability of the problems seems to be closer to
number theory than group theory.

One of the first symmetric-key cryptosytems exploiting the structure of non-abelian
groups was proposed by Magliveras [6]. This cryptosystem, named PGM, makes use of
a special type of factorizations of non-abelian permutation groups which are called loga-
rithmic signatures (LS). Recently two possible approaches to constructing new public-key
cryptosystems MST; and MSTs using group factorization of finite groups were described
by Magliveras, Stinson and Tran van Trung [8]. In particular, logarithmic signatures are
used as the main component of the keys in MST;. As such, the question of finding
logarithmic signatures with short length emerges naturally and becomes more relevant
regarding properties of cryptographic schemes involving logarithmic signatures. More-
over logarithmic signatures of certain types are group-theoretically interesting structures
of their own. The question of the existence of logarithmic signatures of minimum length,
was first posed by Gonzélez Vasco and Steinwandt in [3], in which the authors derive
a lower bound for the length of a logarithmic signature of a group G and show that
finite solvable groups and symmetric groups S, have logarithmic signatures achieving
the bound. For short, we call a logarithmic signature achieving this bound a minimal
logarithmic signature (MLS). It is also shown in [7] that the alternating groups A,, have
minimal logarithmic signatures. In a recent paper [4] Gonzélez Vasco, Rotteler and
Steinwandt prove among others that minimal logarithmic signatures for all groups of
order < 175 560 do exist. Essentially the authors attempt to factorize each group G in
the range into a product of “disjoint” subgroups with the property that each subgroup
has a minimal logarithmic signature and thus obtain a desired MLS for G by joining the
MLS of the subgroups together. In general, in order to obtain such a factorization this
method usually requires direct computations which rapidly become infeasible when the
order of G is getting large.

The purpose of the present paper is to introduce new approaches to deal with the
question above. More precisely, we study the method of double coset decomposition
(MDCD) and the method of subgroup product in its general setting. It turns out that
the MDCD is a very effective tool for constructing minimal logarithmic signatures. For
example, by applying the MDCD to special linear groups SL,(q) and to projective special
linear groups L, (q) we show that if ged(n,q — 1) € {1,4,p | p prime}, then SL,(q) and
L, (q) have an MLS. Our second main application of the MDCD is to construct minimal
logarithmic signatures for all groups of order at most 10'°. As a result we prove that
such an MLS does exist for all groups in the range except a list of 8 groups. For these 8
groups we are able to prove that there are no MLS which can be obtained by the MDCD.

The second approach discusses the question whether or not one can construct an
MLS for a group G = A.B from appropriate MLS’s of A and B, where A and B are
subgroups of G and AN B # 1. Interestingly, in combining with the MDCD we succeed
in analyzing several nontrivial examples showing that the question has a positive answer
even for large groups with a complex structure such as Us(5) or Js.

The paper is organized as follows. In Section 2 we give definitions, notation and
some basic results about logarithmic signatures. Section 3 shows that the general linear
groups GL,(q) and the projective general linear groups PG L, (q) possess MLS’s. Section
4 presents the method of double coset decomposition and its application to SL,(q)



and L, (q). In Section 5 it is shown for the sake of completeness that an MLS can be
constructed for all groups G with |G| < 175,560 by the MDCD. This result is the contents
of the paper [4] achieved by means of the group factorization into disjoint subgroups. In
Section 6 we construct MLS for all groups G with 175,560 < |G| < 100 except a list
of 8 groups. In Section 7 we prove that there are no MLS which can be constructed by
the MDCD for these 8 groups. Section 8 discusses the second approach of constructing
MLS’s for groups which are the product of two non-disjoint subgroups. The paper closes
with a conclusion in Section 9.

2 Preliminaries

Logarithmic signatures (LS) are introduced as basic key components for some symmetric
and asymmetric cryptosystems based on non-abelian finite groups. A logarithmic signa-
ture can be viewed as a certain type of “basis” for finite groups in the sense that group
elements are uniquely represented with respect to the basis. To be precise we have the
following definition.

Definition 1 Let G be a finite group. Let o = [ay,...,a4] be a sequence of ordered
subsets a; of G such that oy = [, ..., 0r,—1] with oy € G, (0 < j < ;). Then o is
called a logarithmic signature for G if each g € G is uniquely represented as a product

g = Qujy - Qs

with oy, € a; (1 <1< s).
The sequences «; are called the blocks of v and the integer £(cv) == > 7_, r; the length
of a.

In view of Definition 1 a logarithmic signature thus gives rise to a special type of
factorization of a finite group. A simple method of constructing logarithmic signatures
for a group G is the following: Let

G=Gy>G1>-->G;=1

be a chain of subgroups. Take o = [ay,..., a4, where a; = [y, ..., Qp,—1] is the
complete system of left (resp. right) coset representatives of G; in G;_1. It is easily
checked that « is a logarithmic signature for G. Such logarithmic signatures are called
exact left (resp. right) transversal. In particular, if s = 1 we have a trivial logarithmic
signature « consisting of a single block, and therefore ¢(«) = |G|.

For cryptographic purposes we are interested among others in logarithmic signatures
having a short length. In general the problem of constructing logarithmic signatures of
a given length is non-trivial. It is clear that for any logarithmic signature « of a finite
group G we have ¢(a) < |G|. A lower bound for ¢(a) is given by Gonzéles Vasco and
Steinwandt [3].

Theorem 1 ( Gonzdlez Vasco - Steinwandt ) Let G be a finite group and |G| =
Hz‘:l p?j be the order of G, where p1,...,ps are distinct primes. Then

t
Ua) =) ap;
=1

for any logarithmic signature o of G.



Proof. For any logarithmic signature o = [aq,...,as] with a; = r; we have |G| =
r1...75. Write r; = H;leqij. Then 7 ;a;; = aj. The lemma now follows from

T Z Z;’:l aijpj, (1 S 7 S S). [ ]

Definition 2 A logarithmic signature o for a finite group G with ¢(a) = 2;21 a;p;
1s called a minimal length logarithmic signature or, for short, a minimal logarithmic
signature (MLS).

In [3] Gonzalez Vasco and Steinwandt [3] have shown that solvable groups and symmetric
groups have a minimal logarithmic signature. In [7] Magliveras has proved the existence
of an MLS for the alternating groups and has also explored the problem for Lo(q) =
PSLQ(q)

The following elementary results are useful and easy to verify.

Lemma 1 Let G be a finite group with a normal subgroup N. If N and G/N have an
MLS, then G has an MLS.

Lemma 2 Let G be a finite group. Suppose that G has subgroups H and K with G =
H.K and HN K =1 such that H and K both have an MLS. Then

1. G has an MLS.

2. If N is a normal subgroup of G such that N < K and K/N has an MLS, then
G/N has an MLS.

3. Analogous statement if N < H.

By using composition series it is easily seen that the question of the existence of
MLS for finite groups is reduced to the question of the existence of MLS for finite
simple groups. Accordingly Gonzélez Vasco, Rotteler and Steinwandt [4] have proved
the existence of an MLS for all groups of order < 175560 (the order of .Jy, the first Janko
group). The main tool in [4] is to factorize a (simple) group in question as a product
of a number of disjoint proper subgroups having an MLS. For example, using a result
by Holt and Rowley [5] that for any prime power ¢ the groups Ls(q) and PGL3(q) can
be decomposed as a product of their Sylow p;-subgroups, one concludes that Lo(g) and
PGL3(q) have an MLS.

In our paper we intensively make use of the ATILAS [1], in particular we adopt its
notation and its abbreviations for our discussion. For the reader’s convenience we recall
here some abbreviations frequently used in the ATLAS [1].

e [m] denoting an arbitrary group of order m
e m denoting a cyclic group of order m
e p”, p is prime, indicates the elementary abelian group of that order.

e p!™2" indicates an extraspecial group of that order.

For the rest of the paper we implicitly use the fact that solvable groups have an MLS.



3 The groups GL,(q), PGL,(q), L,(q) := PSL,(q)

In this section we show that for any n > 2 and any prime power ¢ the general linear
groups GL,(q) and the projective general linear groups PGL,(q) possess a product
factorization of disjoint subgroups satisfying the condition of Lemma 2, and therefore
have a minimal logarithmic signature.

Theorem 2 Let G := GL,(q) for some n € N and some prime power q. Then for any
subgroup Z < Z(Q) the group G/Z has a minimal logarithmic signature. So in particular,
GLy,(q) and PGL,(q) have MLS’s.

Proof. Let V be an n-dimensional vector space over GF'(q) such that G acts as a group
of linear tranformations on V. Let H := GG, be the stabilizer of a non-zero vector v € V.
By a suitable choice of a basis for V' we see that the elements of H are matrices of the
form:

Ay

where A is a non-singular (n—1) x (n—1)-matrix over GF'(q). The mapping ¢ : A — A,
is an epimorphism from H on GL,,_1(q). The kernel of ¢ is an abelian group @ of order
¢"~!. In particular, H = @ : L is a semi-direct product, where L = GL,_1(q) consists
of all matrices of H with ao = --- = a,, = 0. Further, it is well-known that G contains a
cyclic subgroup K of order ¢" — 1 such that Cg(K) = K and K acts sharply transitive
onV —{0}. Thus HNK =1and G = H.K.

Note that K has a minimal logarithmic signature. Since GL1(q) is solvable, we use
an easy induction argument together with Lemma 1 to see that H has an MLS. Now
G = H.K has an MLS by Lemma 2.

Finally, let Z < Z(G). Then K = Cq(K) > Z(G) > Z. As K/Z is solvable and thus
has an MLS, Lemma 2 shows that G/Z has an MLS. [ |

Corollary 1 For every n > 2 and every prime power q with ged(n,q—1) =1 the group
SLy,(q) = L,(q) has a minimal logarithmic signature.

Proof. The condition ged(n,q — 1) = 1 is equivalent to SL,(q) = L,(q) & PGLy,(q),
hence the corollary follows. |

In general the problem of decomposing finite non-solvable groups as a product of
disjoint subgroups appears to be difficult, it is not known whether such a decomposition
is possible at all for a given non-abelian simple group, see for instance [5], in which Holt
and Rowley show that the simple group Us(3) does not have a factorization into Sylow
subgroups. We also show in section 5 that the first Janko simple group J; does not
possess a factorization into a product of 3 disjoint subgroups.

In the next section we develop a new method enabling further identification of L, (q)
having an MLS.



4 Method of double coset decomposition (MDCD) for con-
struction of MLS

In this section we describe a new approach to construct minimal logarithmic signatures
for a finite group G by using a double coset decomposition with respect to appropriate
proper subgroups of G . Surprisingly this method appears to be powerful in dealing with
the problem. Specially, for groups of relatively “small” order the double coset method
gives a simple and elegant construction of minimal logarithmic signatures . Actually, the
MDCD provides an easy way to prove the results in [4], as we shall show in the sequel.

Theorem 3 Let G be a finite group with subgroups H and K such that HNgKg™' =1
forall g e G. Let

n
G = U Hg K
i=1
be the double coset decomposition of G with respect to H and K. Suppose that H and K
each has a minimal logarithmic signature. If n is a prime number or n € {1,4}, then G
has a minimal logarithmic signature.

Proof. Tt is known that [G : K] = Y7 |[H: HNgKg;']. As HNg;Kg; ' =1 by the
assumption, we have [G : K| = |G|/|K| = n|H|. Thus |G| = n|H||K].

Let afg be an MLS for H and let ax be an MLS for K. Since any element g € G
can be written in the form g = hg;k with h € H, k € K and i € {1,...,n}, it is clear
that o = [am,{g1,-.-,9n}, ax] is an MLS for G, if n € {1,4} or n is a prime number,
as stated. |

Remark 1 If n = 1 in Theorem 3, then G = H.K with H N K = 1 and consequently
G = H.KY for any g € G. Moreover, the block with double coset representatives of the
logarithmic signature described in the theorem is reduced to a set with a single element,
namely the identity, and therefore can be omitted. So we actually have a factorization
of G into a product of two subgroups with trivial intersection.

The following result is an application of Theorem 3 to the special linear groups SL,,(q)
and the projective special linear groups L,(q).

Theorem 4 Let 2 < n € N and q a prime power such that ged(n,q — 1) € {1,4} or
ged(n, g — 1) is a prime number. Then the groups L,(q) and SL,(q) have an MLS.

Proof. Let V be an n-dimensional vector space over GF(q) and G := GL(V') = GL,(q)

as well as S := SL(V) = SL,(q). Moreover let Z := Z(G) and G := G/Z. So in

particular Zy = ZNS is cyclic of order d := ged(n,q—1) and S = SZ/Z = S/Zy = L,(q).
Clearly,

H= _ a; € GF(q), a1 #0, Ay € GLn_1(q)



is the stabilizer in G of a 1-dimensional subspace of V; in particular H = Z x Q : L,
where Q = ¢"~! and L = GL,_1(q) are as in the proof of theorem 2.

Now Hyp := HNS = Q : Ly, where Ly := (Z x L)NS = GL,—1(q) with L > Zj.
Similar as in the proof of Theorem 2, let K be a cyclic subgroup of order ¢" — 1 in G
acting sharply transitive on V' \ {0} with Cg(K) = K. Then Ky := K NS is cyclic
of order q;:ll; moreover, Ko N Z = Zy. Since K = KZ /Z acts sharply transitive on
the projective space PG(V), the group Ko = Kq/Zy must act regularly on PG(V). In
particular, Hy N Fg =1forallges.

Next we observe that Hy = Hy/Zy is isomorphic to a semidirect product of @ and
Lo/Zy. Therefore, by Theorem 2 and Lemma 1, Hy has an MLS. Clearly, K has an
MLS. Since

¢"GLna(g)| " —1

HoKo| = |Ho||Ko|l = .
|HoKo [ Hol|Ko| = PTCEY
GLa(@)| _ IS]
(g—1)ad? d’
the claim now follows by Theorem 3 and Lemma 1. |

Corollary 2 Forn € {4,p | p prime} the groups L,(q) and SL,(q) have an MLS.

5 MLS for simple groups of order < 175,560 constructed by
MDCD

As mentioned above, the MDCD works perfectly for finite simple groups G of small
order. Here we want to show this fact for |G| < 175,560 . These groups have been
treated in [4] by the method of factorization into a product of disjoint subgroups.

In the following list we show a pair of subgroups H and K for G that satisfies the
condition of Theorem 3. However, we omit the alternating groups A,,, and the projective
special linear groups Ly(q) for ¢ € {4,5,7,9,8,11,13,17,19, 16, 23, 25,27, 31, 32,37} and
L3(2), L3(3) and L4(2) since these groups are proved to have an MLS by Corollary 2.
It should be mentioned that different pairs of H and K may exist. For instance, if G =
Ls(8), then the following pairs can be chosen: (H =23, K =32), (H=2%:7, K = 3),
(H = Dig, K =17), (H= Dy, K = 3%). If the existence of H an K can essentially
be read off from information in the ATILAS [1], then we just present H and K without
comments, otherwise we will prove their existence, for instance, as in the case of the

group G = Us(5).

1. G=U3(3) =2 Go(2) , |G| = 6,048 = 25.33.7
H=3"%2.8 K=1.

2. G= My, |G| =17,920 =2*.325.11
H = Ag, K =11.

3. G=U4(2) =2 84(3), |G| =25,920 =20.345
H=2:22 K=33:3.

4. G=Sz(8) , |G| = 29,120 = 26.5.7.13
H =237 K =13.



5. G =Us(4) , |G| = 62,400 = 26.3.52.13
H =215, K =13.

6. G = M , |G| = 95,040 = 26.33.5.11
H=32:28,, K =11.5.

7. G =Us3(5) , |G| = 126,000 = 2%.32.53.7
H=A; K =5

There are 4 classes of elements of order 5 in (G, where 4 elements in the center of a
Sylow 5-subgroup 5'%2 are of type 5A. There are 3 classes of maximal subgroups
A7 in G, the first class contains only elements of type 5B, the second 5C and the
third 5D. Now take H = A7 containing elements of type 5B.

Further, G contains S := @Q : 8 as a maximal subgroup with Q@ = 5'*2. Let
L = A7 be the class of A7-subgroups containing elements of type 5C. We have
X :=85NL =Dy =5C:4. Let Z(Q) =< 5A > and let K =< 5A,5C > be an
elementary abelian group of order 52 with 5A € Z(Q) and 5C € Dog. As K <Q : 4
and Cg(K) = K, it follows that K contains 20 elements of type 5C and 4 elements
of type 5A. In other words, gK g~ ! N H =1 for all ¢ € G. Thus we have a pair of
subgroups (H, K) in G satisfying the condition of Theorem 3. |

Here we want to make a remark about the first Janko group J; with order 175,560.
By inspection of the list of maximal subgroups of J; we easily see that J; cannot be
factored as a product of two proper subgroups A and B. The following result has been
obtained by a computer search with the Magma algebra system [2].

Theorem 5 J; has no proper subgroups A, B and C such that J, = A.B.C and |J1| =
[ALIBI.IC].

We do not know whether J; can be described as a product of more than 3 disjoint
proper subgroups. But, in view of Theorem 5 the question of the existence of an MLS
for J; on the basis of product of subgroups seems to be difficult. Below we see however
that the existence of an MLS for J; immediately follows by the double coset method.

6 MLS for simple groups G of order 175,560 < |G| < 10"

The main aim of this section is to construct minimal logarithmic signatures by the
MDCD for simple groups of order < 10'°. It turns out that except for a few groups,
where the existence or the non-existence of an MLS cannot be settled yet, the method
works for almost all groups in the range. As in the previous section we present a pair of
subgroups (H, K) of a simple group G satisfying the condition of Theorem 3. For each
group G we give only one pair of (H, K), even we know that other possibilities for such
a pair do exist or G = A.B with AN B = 1. An item with X X means that the double
coset method does not work for that group, and a proof is presented in the next section.
Since the groups L, (q) with |L,(q)| < 10'° will have n = 2,3,4,5, and therefore have an
MLS by Corollary 2, these groups as well as the alternating groups are not included in
the list below.
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4.
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. G = Ji, the first Janko group, |G| = 175,560 = 23.3.5.7.11.19
H=2:7:3, K=11:5

. G = My, |G|=443,520 = 27.32.5.7.11
H=13(4), K =11.

. G = Ja, the second Janko group, |G| = 604,800 = 27.33.52.7
H =U;3(3), K =52

G = S4(4), |G|=979,200 = 28.32.52.17
H=20:(3xA4;5), K=1T.
. G =84(2), |G| =1,451,520 =2°.3*.5.7

H=U42):2, K="T.
G =

Us(3), |G| = 3,265,920 = 27.36.5.7
H = L3(4), K = [3%].

Let H = L3(4) be a class of maximal subgroup of G. Now G has 4 conjugate
classes 3A, 3B, 3C, 3D of elements of order 3. By inspection of the permutation
character 1% = la+21a+140a, it follows that H only contains elements of type 3D.
Now consider the first class of maximal subgroup L = U4(2) with the permutation
character 1% = la + 35a + 90a. This shows that L does not contain elements of
type 3D, in fact L contains elements of types 3A, 3B and 3C. Now let K = [3%] be
a Sylow 3-subgroup of L. Then gKg ' NH =1 for all g € G. Thus we have a pair
(H,K) in G satisfying the condition of Theorem 3, as required.

G = G2(3), |G| = 4,245,696 = 26.36.7.13
H=U;3(3):2, K =312

G contains 5 classes of elements of order 3. Let H = Us(3) : 2 be a maximal
subgroup of G with the permutation character lg = la + 168a + 182b. Then H
contains no 3-elements of type 3A, 3C and 3D. Let L = L3(3) : 2 be a maximal
subgroup of G with the permutation character 1% = la+ 91c+ 104a + 182a. This
shows that L only contains 3A- and 3D-elements. Let K = 3'*2 < L be a Sylow
3-subgroup of L. Then ¢K¢g ' N H =1 for all ¢ € G. Thus an appropriate pair
(H,K) in G satisfying the condition of Theorem 3 is found.

G = 54(5), |G| = 4,680,000 = 26.32.5%.13
H=5"12:245, K = S,.

Let Hy = 5'%2 : 445 be a maximal subgroup of G and let H = (Hp) = 5'72 :
2As5 be the commutator group of Hy. Now G has 2 classes of involutions and
2 classes of elements of order 3. A consideration of the permutation character
1%0 = la + 65b 4+ 90a (see [1], page 62) shows that H contains no 2B-elements
and no 3A-elements. Now consider a maximal subgroup L = Ag of G. By the
information in [1] L contains 2B-elements and L contains 2 classes of Sy, one class
contains 3A-elements and the other 3B elements. Now take K = S4 < L such that
K only contains 3A-elements. Then gKg ' N H =1 for all g € G. We therefore
have a pair (H, K) in G satisfying the condition of Theorem 3.

G = Us(8), |G| = 5,515,776 = 29.34.7.19
H=23%6.7 K =[3%.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

G = Us(7), |G| = 5,663,616 = 27.3.73.43
H=7%2:3 K=[27].

G = Mas, |G| = 10,200,960 = 27.32.5.7.11.23
H=2:4; K=11.

G =Us(2), |G| = 13,685,760 = 219.35.5.11
H=216.342:924, K =11:5.

G = 2F4(2)', Tits group |G| = 17,971,200 = 2!1.33.52.13
X X

G = 52(32), (Suzuki group) |G| = 32,537,600 = 210.52.31.41
H =2°t5:31, K = 25.

G = U3(9), |G| = 42,573,600 = 25.36.52.73
X X

G = HS, the Higman-Sims group, |G| = 44,352,000 = 29.32.53.7.11
H = My, K =5

G has 3 classes 5A, 5B and 5C of 5-elements. Let H = My be a maximal subgroup
of G. Then the permutation character 1% = la+ 22a + 77a shows that 5-elements
in H are of type 5C. Consider L. = 5 : 4 X As, a maximal subgroup of G. The 5-
elements in L are of type 5A and 5B only, for it can be seen in O5(Cg(54)) = 512
that the product of commuting 5A and 5B is of type 5B. Let K = 52 < L be a
Sylow 5-subgroup of L. Then gKg~'NH = 1 for all g € G. Hence the pair (H, K)
can be used to construct an MLS for G.

G = J3, the third Janko group, |G| = 50,232,960 = 27.3%.5.17.19
X X

G = Usz(11), |G| =170,915,680 = 2°.32.5.113.37
H=11"2:5 K= (42x3): 53

G = S4(7), |G| = 138,297,600 = 28.32.52.7
H =T7%2(3 x SLy(7)), K =5%: 4

Using Magma we can verify that H := Ng(< 74 >) = 772(3 x SLy(7)) of order
24.32.7 contains involutions of type 2A only, whereas K := Ng(52) = 52 : 4 only
has involutions of type 2B. Thus H and K is a pair of subgroups of G satisfying
the condition of Theorem 3.

G =03 (2), |G| =174,182,400 = 2'2.35.52.7
H = S5(2), K = As.

First note that GG has 5 classes of involutions, 5 classes of 3-elements and 3 classes
of 5-elements. Let H = Sg(2) be a maximal subgroup of G with the permutation
character 1% = la + 35a + 84a. Then H contains no elements of type 2C, 2D,
3B, 3C, 5B, 5C. Further there is a subgroup K = As in G containing 2B-elements,
3B-elements and 5B-elements only. Thus gKg ' N H =1 for all g € G. Thus H
and K are the desired pair.

10



21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

G =04 (2), |G|=197,406,720 = 212.31.5.7.17
H =25:U4(2), K =17.

G =3D4(2), |G| = 211,341,312 = 212.34.72.13
X X

G = My, |G| = 244,823,040 = 29.33.5.7.11.23
H=2: A3, K=23:11.

G = Gy(4), |G| = 251,596,800 = 212.33.52.7.13
X X

G = Us(13), |G| = 811,273,008 = 24.3.72.13%.157
X X

G = M°L, the M®Laughlin group, |G| = 898,128,000 = 27.36.53.7.11
X X

G = U4(4), |G| =1,018,368,000 = 212.32.53.13.17
H =28 (3 x Ly(16)), K = 52

Let S be a Sylow 2-subgroup of G. Consider H = Ng(Cg(S’)) = 28 : (3x L2(16)) of
order 2'2.32.5.17. Let F be a Sylow 5-subgroup of G. Then N = Ng(F) =53 : 5.
Let T € Syl3(N). Define K = [F,T] = 52. Using Magma one shows that the 5-
elements in K are not conjugate to 5-elements in H. Thus H and K are a desired
pair.

G = 54(8), |G|=1,056,706,560 = 2'2.3.5.72.13
H = L2(64) 22, K= L2(8)
By using Magma we see that G contains a pair of subgroups H = Ly(64) : 2 of

order 27.32.5.7.13 and H = Lo(8) of order 23.32.7 such that H N K9 = 1 for all
g€ G.

G = 54(9), |G|=1,721,606,400 = 28.3%.5%.41
H:32+412A6,K:5XD16

Let S € Syl3(G). Then Z(S) = 3% and N := Ng(Z(S)) = 3*+4(8 % 244). De-
fine H :== N’ = 3%t : 2 A4, which is of order 24.3%.5. By using Magma we see
that 5-elements of H are of type 5AB and involutions of H are of type 2A. Fur-
ther G contains 5-elements of type 5CD such that Ng(< 5CD >) = (< 5CD >
xPGL2(9)) : 2 and Cg(5CD) > K =< 5CD > xDjg with involutions in K all of
type 2B. So HN K9 =1 for all g € G.

G = Us(17), |G| =2,317,678,272 = 26.34.7.13.173
X X

G = He, the Held group, |G| = 4,030,387,200 = 210.33.52.73.17
H =54(4):2, K="1T?: Dy.

Note that G has 2 classes of involutions and 2 classes of 3-elements. Let H =
S4(4) : 2 be a maximal subgroup of G. An inspection of the permutation character
1% shows that H contains no 3-elements of type 3B. Let L = 72 : 2L5(7) be a
maximal subgroup of G. We have HN L < 2.54. Now G contains only one class of
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elements of order 8, with fourth power of type 2B. Hence the involutions in H N L
are of type 2B. Any element in G of order 3 which commutes with a 2B-element is
of type 3B. Thus 3-elements in L are of type 3B. Now let K = 72 : F5; < L. Then
the pair (H, K) satisfies the condition of Theorem 3.

32. G =U3(16), |G| =4,279,234,560 = 2'2.3.5.17%.241
H = [2'2]: 255, K = 241.

Here H is the normalizer of a Sylow 2-subgroup in G.

33. G = 07(3), |G| =4,585,351,680 = 2°.39.5.7.13
H=Gy(3), K = Ag.

G contains 3 classes of involutions and 7 classes of 3-elements. Let H = G2(3)
be a class of maximal subgroup of G having the permutation character 1% =
la + 260a 4+ 891a. Then H contains no involutions of type 2A and 2B and no
3-elements of type 3B, 3C and 3E. Let L = (S4 x Sg) be a maximal subgroup of G
and let K = (S x S5)(>) 2 Ag. A computation with the Magma algebra system
[2] shows that the involutions in K are of type 2B and the 3-elements are of type
3B or 3C. Thus gK¢g ' N H =1 for all g € G. Hence G has an MLS.

34. G = S6(3), |G| = 4,585,351,680 = 29.39.5.7.13
H=3":2042), K= (7Tx2):2

Let H = 3'** : 2U4(2). A consideration of the permutation character 1% shows
that H contains no involutions of type 2B. Let L = (7 x 2) : 6 be the normalizer
of a Sylow 7-subgroup in G. By the information in [1] all involutions in L are of
type 2B. Now take K = (7 x 2) : 2 < L, then gKg ' N H =1 for all g € G. The
pair (H, K) gives an MLS for G.

35. G = Ga(5), yGy 5,859, 000,000 = 2°.33.55.7.31
H = Us(3) :2, K = [59].

36. G = Ug( ), |G| = 9 196, 830, 720 = 215.36.5.7.11

H=2:L3(4):2 [34].

Let H = 29 : Lg( ) : 2 be a maximal subgroup of G. An inspection of the
permutation character lg shows that the 3-elements of H are of type 3C. Let
C = Cg(9A) = S3x < 9A > be the centralizer of a 9A-element in G and let
T = 03(C). Then L = Ng(T) has the order 2.3°. The Sylow 3-subgroup of L
contains a subgroup K = [3%] such that T < K and K contains no 3C-elements.
Thus gKg ' N H =1 for all g € G. Hence the pair (H, K) satisfies the condition
of Theorem 3.

7 Simple groups of order < 10'° having no MLS by the
MDCD

In this section we present a proof that the method of double coset decomposition does
not provide an MLS for groups marked by x x in the list of Section 6.
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In each of the following cases we assume by way of contradiction that G has a double
coset decomposition G = U;_; Hg; K with subgroups H and K satisfying the condition
of Theorem 3; so in particular we assume that r € {1,4} or r is a prime.

1. G = 2F4(2)’, the Tits group
|G| = 17,971,200 = 2'1.33.52.13

Since G has only one class of 3-elements, we may assume without loss that 32||H|
and 3 1 |K| . By inspection of possible maximal subgroups M containing H in G
we have M € {L3(3) : 2, Ag.22}.

Suppose M = L3(3) : 2. Then we have the following possibilities for H: H =
32, 32:28,, L3(3), L3(3) : 2. This implies that 5||K|. If |K|5 = 5, then 13||K]|, a
contradiction to the fact that G has no proper subgroup whose order is divisible
by 5.13. So we have |K|; = 52. Again, if 13||K|, then we have a contradiction.
Thus 13 { |K|. This implies that 25||K|, which a contradiction, because there are
no proper subgroup K in G with 26.52||K]|.

Thus we have M = Ag.22. As 32||H|, we have the following possibilities: (1)
32, 2) H=3%:4, (3) H=32:1]2%, (4) H=3%:[2%, (5) H = 4, (6)
Ag.2, (7) H = Ag.2%.

Cases (1), (2), (3), (4) imply that 5||K|. As before, by the order reason these cases
lead to a contradiction.

(5) H = Ag. Then 20||K|. If |[K|y < 27, then 5,13||K|, a contradiction. If
|K | = 28, then either 3,5||K| or 3,13||K| or 5,13||K]|, again a contradiction by
the reason of the order.

H
H

Cases (6) and (7) also lead to a contradiction in a similar way as case (5). Thus
we have no pair of subgroups (H, K) in G satisfying the property of Theorem 3,
as claimed.

2. G = Ug(9)
|G| = 42,573,600 = 25.36.52.73

Since G has only one class of involutions, we may assume that 23 | |H| and that
|K| is odd . Now consider two cases:

(a) |Hl|z =23 or 24

(b) |H] = 2.

In case (a) the possible maximal subgroups M containing H in G are: 32+4 : 80,
5x2.4A¢:2, Ag : 2, 0or 10% : S3. If M = 32+ : 80, then 5.73||K|; if M = 5x2.4¢ : 2,
then 3%.73||K|; if M = Ag : 2, then 3*.5.73||K|; if M = 102 : S3, then 35.73||K]|.
All these possibilities lead to a contradiction, since there is no such an odd order
subgroup K in G.

In case (b) the only class of maximal subgroups L containing H in G is L =
5 x 2.Ag : 2. It follows that H is one of the following groups:

(1) H=1[2%, (2) H=2A:2, (3) H=5x[2%, (4) H=5x2A44:2.
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(1) implies |K| = 35.52 or |K| = 3%.5.73 or | K| = 3°.5%.73;

(2) implies |K| = 3%.5 or |K| = 3%.73;

(3) implies |K| = 35.5 or |K| = 35.73 or |K| = 35.5.73;

(4) implies |K| = 3% or |K| = 33.73;

Only the following 3 cases |K| = 35, |K| = 355 and |K| = 3% need to be
considered, the other cases are ruled out by the reason of the order.

Suppose |K| = 3*.5, or |K| = 3*. Now, all 3-elements in H are of type 3A, because
they commutes with an involution. Hence all 3-elements in K are of type 3B. An
inspection of maximal subgroups of G shows that K is contained in a maximal
subgroup M = 324 : 80, in particular, the Sylow 3-subgroup C = [3%] of K is
contained in the Sylow 3-subgroup S of M. Now Z(S) has order 32 and all 3-
elements in Z(S) are of type 3A, as they commutes with an element of order 5.
Thus S = Z(S).C. Since S/Z(S) is abelian, C' is abelian. Therefore S = Z(S) x C

is an abelian group, which is a contradiction to the structure of S.

Finally, suppose |K| = 35.5. So, K < M = 3*** : 80 for a certain subgroup M.
From the permutation character 1%’4 we see that any 5-element in K is of type
5ABCD. On the other hand, as H = 5 x [2°], the 5-elements of H are also of type
5ABCD. Thus gKg~' N H # 1 for some g € G, a contradiction.

. G = Jg, the third Janko group
|G| = 50,232,960 = 27.3%.5.17.19

As G has one class of involutions we may assume that 2° | |H| and that |K| is odd.
If |[H|y = 2° or 25, then 3°.5.17.19|| K|, which is a contradiction to the orders of
maximal subgroups in G. Thus we have |H|y = 27 and H is contained in either
2144 . A5 or 22+4 . (3 x S3), which are maximal subgroups of G. It follows that
|H|3 | 3%. Therefore 3%||K|3. If |K|3 = 3%, then 17.19 | |K| , a contradiction to
the orders of maximal subgroups in G. So we have |K|3 > 33. As the number of
double coset representatives with respect to H and K is either 1 or 4 or prime, we
get 17||K| or 19]| K|, again a contradiction to the orders of maximal subgroups in

G.
. G =3Dy(2)

|G| = 211,341,312 = 212.34.72.13

First note that G has nine classes of maximal subgroups, namely (1) 2% .
La(8), (2) 22.[29] : (7 x S3), (3) Us(3) : 2, (4) S3 x La(8), (5) : (7 x La(7)) :
2, (6)3172:28,, (7) 7 :2A4, (8) 3%2: 244, (9) 13 : 4.

We may assume |H| is even. Suppose H < 2178 : [5(8) or H < 22.[2] : (7 x S3).
This implies that 3||K|. If | K|3 = 3, then 7.13|| K|, because |[H|3 < 3% and |H|; < 7.
This is a contradiction, as G has no proper subgroup K with 3.7.13||K|. Suppose
|K|3 = 32. If |H|3 < 3, then again 7.13|| K|, a contradiction. So we have |H|3 = 3%.
This implies H < 2178 : [y(8). If H = 278 . [5(8), then K has odd order
and either 7||K| or 13||K|. But G has no odd order subgroup K with 32.7||K|
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or 32.13||K|, a contradiction. Hence H is a proper subgroup of 2178 : L5(8). As
|H|3 = 3%, we have H < 28 : Djg. Since |H|z < 2'9 we have 2||K|. Further
7||K|. If |K|; = 7, then 13||K]|, contradicting the fact that G has no proper
subgroup K with 2.32.7.13||K|. If |K|; = 7?, then we get a contradiction again,
because 2.32.72|| K |. We have thus proven that H cannot be an even order subgroup
of 2148 1 Ly(8) or 22.[29] : (7 x S3). As the role of H and K may be interchanged,
we conclude that K is neither an even order subgroup of 2178 : Ly(8) nor 22.[29] :
(7 X Sg)

Suppose H < 72 : 244 or 3% : 2A4 or 13 : 4. Then |H|y < 23. This implies
that 27||K|. Hence K is contained in either 2148 : L5(8) or 22.[29] : (7 x S3), a
contradiction.

Suppose H < S3 x La(8) or (7 x La(7)) : 2 or 312 : 2S,. Then |H|y, < 2%
Hence 2°||K|. If | K|o = 2°, then 13|| K|, a contradiction to the order of subgroups
in G. Therefore 27||K|. This is to say that K is a subgroup of 218 : Ly(8) or
22.[29] : (7 x S3), a contradiction.

Finally, suppose H < Us(3) : 2. It follows that 2%||K|. If |K|s = 2* or 2°, then
3.7.13||K|, a contradiction. Suppose K|y = 26. Then we have either 3.7||K| or
3.13||K| or 7.13||K|. The last two possibilities lead to a contradiction. The first
possibility ( |K|z = 2° and 3.7||K|) combining with the fact that K cannot be a
subgroup of 218 : Ly(8) or 22.[29] : (7 x S3) implies that K < Us(3) : 2. Further,
as |K|a = 2% and 3.7||K|, we have K = U3(3) : 2. Thus gKg~' N H # 1 for some
g € G, a contradiction.

G =G3y(4)
|G| = 251,596,800 = 212.33.52.7.13

Suppose first that » # 13 | |K|. Then K is isomorphic to one of the follow-
ing groups: 13, 13:2, 13:3, 13:6, Ly(13) (22.3.7.13), U3(4) (26.3.5%.13), Us3(4).2
(27.3.52.13). If 31 |K|, then |K| € {13,13.2} and 2°.32.5||K|; this in turn implies
|H|[2'2.32.5 and thus 3.5.7|r, a contradiction. Therefore |K|3 = 3 and elements
of order 3 in K are of type 3B (by inspection of permutation characters). Since
any subgroup of order 32 in G contains elements of type 3A and type 3B, we get
r = |H|3 = |K|3 = 3; moreover, the elements of order 3 in H are of type 3A and
|H| = 35 € {212.3.52.7, 2113527, 210357, 2637, 2°.3.7}.

The first three cases are excluded by inspection of the orders of maximal subgroups
of G. This leaves |H| € {2.3.7, 25.3.7} and so H must be conjugate to a subgroup
of Us3(3).2, 3L3(4).25 or Jo; as none of these three maximal subgroups of G' contains
a subgroup of order |H|, we have reached a contradiction. We have shown that
13 1 |K|. Clearly, by symmetry, 13 1 |H| and so r = 13.

Since any subgroup of order 32 in G contains elements of type 3A and type 3B, we
may assume without loss that 33||H|. In particular H is conjugate to a subgroup
of Jo (27.3%.52.7), L := 3L3(4).25 (27.3%.5.7), or U := U3(3).2 (26.33.7) and 2°|| K|.
Observe that each of Jo, L and U contains involutions of type 2A and type 2B.
Therefore H must be conjugate to a proper subgroup of Js, L or U.

Assume next that 33.7||H|. An inspection of the subgroup structure of .Jo, L and
U then shows that H is isomorphic to 3L3(4) or Us(3); in particular, (|H|,|K|) €
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{(26.33.5.7, 26.5) , (2°.3%.7, 27.5%)} and the involutions of H are of type 2A. Since
neither Jo nor Us(3).2 contains subgroups of order 27.52, G contains no subgroups
of order 27.5%. So we conclude that H = 3L3(4) and |K| = 26.5. Moreover, all
involutions in K must be of type 2B. Since the elements of order 5 in H are of
type 5AB, the elements of order 5 in K must be of type 5CD. By Sylow’s theorem
we find that 2||Ck(K5)| for K5 € Syls(K); this in turn implies that K contains
elements of type 2A, a contradiction. We have shown that 7t |H| and hence 7||K|.
Now 2°.7||K| and so K be conjugate to a proper subgroup of Jo, L or U. In par-
ticular, 2°||K 2|27 and thus 2°||H|3|27. Now we easily see that in any case H and
K contain involutions of the same type, thereby obtaining a final contradiction. H

. G =U3(13)
|G| = 811,273,008 = 2%.3.72.133.157

To deal with the group G = Us(13) we need various facts about conjugacy classes
and subgroups of G which are recorded in the following lemma.

Lemma 3 Let G = Us(13).

(a) Let X, denote a representative of a G-conjugacy class of a prime order sub-
group in G. We have

Xp |Xp| (CG(Xp) NG(Xp)

X5 2 7x (SL2(13):2) 7 x (SLa(13) :2)
X3 3 8x3x7 (8x3x7):2
Xoa 7 7 x (SLy(13) :2) 7 x (SLa(13) :2)
Xz 7 7 x T x 22 (Tx7x2%:3
X 7 7 x T x 22 (Tx7x2%:3
X34 13 1312:(2x7) 1312 (8 x 3 x 7)
Xisp 13 132 132 : (4 x 3)

X157 157 157 157 : 3

(b) G has a Sylow 7-normalizer isomorphic to (7 x 7 x 22) : S3.

(¢c) G has a Sylow 13-normalizer isomorphic to 13172 : (8 x 3 x 7).

(d) If X < G with 157||X]|, then X <157 : 3.

(e) If X S G with 132||X|, then X is contained in a Sylow 13-normalizer of G.

Proof. (a) — (c) can easily be verified by means of Magma.
(d) An easy consequence of Sylow’s theorem and part (a).

(e) Let S € Syli3(G). It is well-known that G acts 2-transitively on the cosets of
N = Ng(S) = S : K with 2-point stabilizer K = 8 x 3 x 7. In particular, S is a
TI-subgroup of G.

Now let X < G with S < X £ N. Then |X : Nx(S)| = 1 mod |S| and so we
get | X @ Nx(S)| = 2.7.157. Now (d) implies X = G. Assume next that X is a
proper subgroup of G such that S; := X NS € Syli3(X) with S; = 132, Since
S1 is a TI-subgroup of X, we have |X : Nx(S1)] = 1mod |S;|. This implies
’X : Nx(Sl)’ S {1,2.7.157}. Now (d) yields X = Nx(Sl) < N(;(Sl) < N. |
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We now prove that G = Us3(13) has no MLS by a double coset decomposition.

Since G has only one class of involutions we may assume without loss that 4 | |H|
and that |K| is odd.

Assume that 157||K|. Then, by Lemma 3 (d), K < 157 : 3. This in turn implies
132 | |H| and so Lemma 3 (e) yields H < 13172 : (8 x 3 x 7). Now we get 2.7 | 7, a
contradiction. Hence, by Lemma 3 (d), 7 = 157 and thus 2* | |H| .

Now Lemma 3 (e) implies 132 { |H|, i.e. 13?||K|. So K contains Zj3-subgroups
of type X134 and of type Xi3p; therefore 13 t |[H|. Now by Lemma 3 (e) we get
13172 < K <1342 : (3 x 7) and consequently 24.7||H|[2*.3.72.

Assume that @ := O7(H) # 1. By Lemma 3 (a), (b) we get Q = X74 as well as
13172 < K < 132 : 3 and 24.72||H||2%.3.7%. In particular, H/Q < SLo(13) : 2
with |[H/Q| € {2*.7,24.3.7}. Since Ly(13) has no subgroups of order 22.7 or 22.3.7,
we have derived a contradiction. Therefore O7(H) = 1.

Assume that H has a normal subgroup Z of order 2. Then H < SL2(13) : 2
and we derive a contradiction just as above. Therefore, |Z(H)| is odd. Assume
next that @ := O3(H) # 1. Clearly, @ cannot be cyclic, dihedral, quaternion or
semidihedral. Since a Sylow 2-subgroup 1" of H is semidihedral, we conclude that
Q =2 22. But this again is impossible, because T has no elementary abelian normal
subgroup of order 4. Therefore O2(H) = 1.

Now assume that  := O3(H) # 1. So Q =2 Zz and H < (8 x3 x 7) : 2. But
then O2(H) # 1, a contradiction. Therefore O3(H) = 1. As Oz(H) = O3(H) =
O7(H) = 1, we conlude that H is nonsolvable. As the only nonabelian simple
{2,3,7}-groups are Lo(7) (23.3.7), La(8) (23.32.7) and Us(3) (2°.33.7), we finally
conclude that H = Aut(La(7)) = La(7) : 2. But then the Sylow 2-subgroups of H
are dihedral of order 16, contrary to the fact that the Sylow 2-subgroups of G are
semidihedral of order 16. Hence the claim. |

. G = M°L, the M®Laughlin group
|G| = 898,128,000 = 27.3%.53.7.11

Note that G has only one class of involutions. So we may assume without loss that
25 | |[H| and that |K| is odd.

Suppose |H|s = 2° or 26. By an inspection of possible maximal subgroups M
containing H in G we have M € {U(3), Maz,2.45,2% : A7}. If M = Uy(3), then
52.11||K|; if M = Moy, then 3%.5%||K|; if M = 2.Ag or 2% : A7, then 3*.52.11||K]|; it
is a contradiction in all these cases. Thus we have |H|o = 2. Again, by Theorem
3 as the number of double coset representatives of H and K is a prime number in
this case, we have the following possibilities regarding the order of K: (1) 52|/ K],
(2) 5.11||K|, (3) 3*.5||K]|, (4) 33.52.11||K|, (5) 3*.5%||K|, (6) 3*.5.11||K|. Cases
(3), (4), (5), (6) immediately lead to a contradiction. Case (2) is ruled out, as
the 5-elements in K and H are of the same type, namely 5B. Case (1) is also not
possible, since any group of order 52 contains 5-elements of both types 5A and 5B,
we cannot have gKg~' N H =1 for all g € G. Thus, we have reached the desired
contradiction.
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8. G =Ug(17)
|G| = 2,317,678,272 = 26.34.7.13.173

The following lemma collects information about the group G = Us3(17) which are
needed for our discussion.

Lemma 4 Let G = Us(17).

(a) Let X, denote a representative of a G-conjugacy class of a prime order sub-
group in G. We have
Xp |Xp| (CG(Xp) NG(Xp)
Xo 2 3x (SLa(17):2) 3 x (SLo(17) : 2)
X34 8 3 X (SLa(17) :2) 3 x (SLo(17) : 2)
Xsp 8 (3x9%x2%):3)  (3x9x2%):8;)

X7 7 7x 13 (7x13):3
X3 18 7x13 (7x13):3
Xi7a 17 172 (2% 3) 17121 (25 x 3)
Xz 17 177 172 : 16

Xie 17 177 172 : 16

Xizp 17 177 172 : 16

(b) The Sylow 2-subgroups of G are semidihedral of order 64.

(c) If X < G with | X| = 172, then Ng(X) = 17172 : 16. Moreover, apart from
one subgroup of type X174, the group X contains 17 further subgroups of order
17, all of which have the same type.

(d) If X < G with | X| =173, then Ng(X) =2 1712 : (25 x 3).
(e) If X is a proper subgroup of G with 17%||X|, then X is contained in a Sylow
17-normalizer of G.

Proof. (a) — (d) can easily be verified by means of Magma.

(e) Now let X be a proper subgroup of G and S € Syli7(X) with 172||S|. Since
the Sylow 17-subgroups of G are TI-subgroups in G, we easily verify that S is also
a TI-subgroups of X. Assume now that S is not normal in X. So 1 # d := |X :
Nx(S)| = 1 mod |S|. As d|26.3%.7.13, an easy calculation shows that d = 2.33.7.13.

If |S| = 173, then |X| = 2172.33+A 71317 with0 < a < 5and 0 < 3 < 1. In
particular, 1 # |G : X||96. As Sylow 17-subgroups of Sym(96) are elementary
abelian of order 17° and thus G = U3(17) cannot be embedded into Sym(96), we
derive a contradiction.

So we have |X| = 2179.33.7.13.17% with 0 < a < 4. If a = 0, then X has a normal
2-complement and so 2||[Ng(7)| by the Frattini-argument; but this contradicts the
information in part (a). Therefore 1 < o < 4. Clearly, X cannot have a normal
13-complement. Thus, by Burnside’s theorem, a Sylow 13-normalizer of X is iso-
morphic 13 : 3 or to (13 x 7) : 3. An easy application of Sylow’s theorem for the
prime 13 now yields a contradiction. ]

We now prove that G = Us(17) has no MLS by a double coset decomposition.
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Since G has only one class of involutions we may assume without loss that 24 | |H|
and that |K| is odd.

Assume first that 17 | |K|. Clearly O7(K) = O13(K) = 1. Assume now that
O3(K) # 1. Then by Lemma 4 (a), O3(K) = X34 because 17 { |GL3(3)| and so
no 3-subgroup of any other type of G can be normalized by an element of order
17. So we have K < Ng(X34) = 3 x (SL2(17) : 2). An inspection of the subgroup
structure of Lo(17) now shows that K = 3 x 17 and K 2 Xj74. Since subgroups
of order 17% in G contain subgroups of type Xi74, we must have » = 17 and
|H| = 26.33.7.13.17 where Hy; € Syli7(H) is of type X178, Xi7¢ or Xi7p; in
particular Ny (Hy7) < Hj7 : 16. An easy application of Sylow’s theorem for the
prime 17 now yields a contradiction. We have shown that O3(K) = 1.

As K is solvable, we get @ := O17(K) # 1 and thus K < Ng(Q) < 17142 : (25 x 3),
ie. K <172 : 3. Hence, by Lemma 4 we get |K| € {17,17%,173,173.3}.

If » = 17, then |K| € {17,172} and so |H| € {26.3%.7.13.17,26.3%.7.13}, respec-
tively. An application of Sylow’s theorem for the prime 13 now yields a contradic-
tion. Therefore r # 17.

If 172 | |H|, then by Lemma 4 (e) |H| | 173.3.2%; this in turn implies 2.3%.7.13 | r,
a contradiction. Thus we have 24.3% | |H| |26.3%.7.13.17.

Assume now that 13 | |H| and let Hy3 be a Sylow 13-normalizer of H. Since
H cannot have a normal 13-complement, Hy3 = 13 : 3 or Hi3 = (13 x 7) : 3. So
1# d:=|H : Hj3l = 1mod 13 with 24.3 | d | 26.33.7.17. Now we easily verify
that d € {24.32,25.32.7,26.3.17}.

If d =2%.3%, then r = 4, Hi3 = (13 x 17) : 3 and K = 17'%2 : 3. Sylow’s theorem
for the prime 7 now gives a contradiction.

If d =2°.32.7, then r = 2, Hi3 =13 : 3 and K = 1772 : 3. Again Sylow’s theorem
for the prime 7 now yields a contradiction.

We are left with d = 26.3.17. From this we deduce r = 3, Hy3 = (13 x 7) : 3, and
thus |K| = 172.3, a contradiction.

We have shown that 13 1 |H|. As 131 |K]|, we get » = 13. This leaves the following
three possibilities: (|K| = 172, |H| = 26.3%.7.17), (/K| = 173, |H| = 25.3%.7) or
(|K| =173.3, |H| =26.33.7).

In any case H cannot have a normal 7-complement. Thus, by Burnside’s theorem,
H has a Sylow 7-normalizer isomorphic to 7 : 3. An easy application of Sylow’s
theorem for the prime 7 now yields a contradiction. So far we have shown that
171 |K]|.

Now we have 24.172 | |H| and thus, by Lemma 4, H < 17'+2 : (25 x 3). This in
turn implies r € {2,4}, and hence 17'%2 : 24 < H < 17142 : (2% x 3) as well as
33.7.13 | |K| | 31.7.13. Obviously, O7(K) = O13(K) = 1. As K is solvable, we get
Q = O3(K) # 1. Since 71 |GL3(3)|, we easily verify now that @ is centralized by
an element of order 7. As this contradicts the information in Lemma 4, the desired
result follows.
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8 Groups having a factorization as product of two non-
disjoint subgroups

Let G be a finite group such that G = H.K for some proper subgroups H and K. As a
special case of the double coset method, we know by Theorem 3 that if H N K =1 and
if both H and K have an MLS, then G evidently has an MLS. In other words, we can
“glue” MLS of H and K together to form an MLS for G. In this section we attempt to
explore the case H N K # 1. Here, the general question whether or not G has an MLS,
when H and K do, seems to be difficult. A solution of the problem obviously depends on
the subgroup structure of H and K and also on the structure of their MLS. It turns out
that with an appropriate factorization of G = H.K the “glueing method” does actually
work. We will illustrate the method by several non-trivial examples. Interestingly, in
our examples the method of double coset decomposition still appears to be crucial.

8.1 G:AG

In G = Ag there are two classes of maximal subgroups isomorphic to A5 having non-
conjugate 3-elements. Let H = As be in the first class and K = As be in the second
class. Obviously, G = H.K and W := HN K = Djg. Let X = 3 be a subgroup of H
and Y = 3 be a subgroup of K. Let ay be an MLS for W, ax an MLS for X, and ay
an MLS for Y. By using the double coset method for H with the pair (W, X) we obtain
an MLS ag for H of the form.

o[ :aXU{l,h} U awy.

Similarly, using the pair (W,Y") for the double coset method we also obtain an MLS a g
for K with
ag = oy U {1,k} U ay.

This shows that
ag =ax U{L,h} Uaw U{1,k} Uay

is an MLS for G obtained by glueing oy and o together.

8.2 G =1Us5)

It is easy to see that G = H.K, where H =Q : L, Q =572, L =8, and K = A;. Thus
X :=HnNK = Dy.

Let Z = Z(Q) = 5. The elements of Z are of type 5A, whereas the elements in @ \ Z
are of type 5B, or 5C, or 5D. As the 5-elements of X are not of type 5A we may assume
without loss that the elements of X are of type 5B. Now take P a subgroup of order 5
of @ consisting of 5C-elements only. Then A = Z.P = 52 contains only elements of type
5A and 5C. Thus AN X" =1 for all h € H. So we can construct an MLS ay for H by
using an MLS a4 for A and an MLS ax for X, namely

ag =as U{l,g} Uax.

By inspection of the maximal subgroups of K = A7 we see that X < M with M = S5
a maximal subgroup of K. Let C' < M be any subgroup of order 3. Then the pair (X, C)
provides an MLS ays for M by the MDCD. Precisely aj = ax U {1,h} U a¢, in which
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ac is an MLS for C. Now let N < K be a subgroup of order 7. Using the MCDC with
the pair (M, N) we obtain an MLS ak of the form: ax = ap U{1, k1, k2 } Uay, whereby
ap is a MLS for N. Thus

ag =ax U {1,h} Uac U {1,k1,k2} Uay.
By glueing ay and ai together we obtain the following MLS for G.

ag=a4U{l,g} Uax U{l,h} Uac U{1,ki,ko} Uan.

83 G=J,

It is shown in [9] that G = AB with A = U3(3) and B = A5 x Djo both maximal
subgroups of G, where |AN B| = 6. Let C := AN B. We state that C' is a cyclic group
of order 6. This can be seen as follows. GG contains two classes of 6A and 6B elements,
for which the square of an 6A element is of type 3A and the square of an 6B element
is of type 3B. Now as any 3-element in the factor As of B is of type 3A, see [1],p.42,
we see that an 6-element of B is of type 6A. Further, an inspection of the permutation
characters of A = Us(3) shows that A contains only 6A-elements. By conjugation, we
conclude that C' = AN B contains an 6A-element, and therefore cyclic. As a consequence,
an involution in the factor D1 of B is of type 2A. Whereas the involutions in the factor
As of B is of type 2B, [1].

Next we construct two appropriate MLS for B and A, so that they can be glued to
form an MLS for G.

We take a pair of subgroup (H, K) for B satisfying the condition of Theorem 3 as
follows. H = 52, a Sylow 5-subgroup, K = C. Then, with the double coset method we
obtain an MLS

ap =agU{l,z1,x9, 23} Uag,

where a and a¢ are MLS for H and C|, respectively.

By conjugation we can assume that C' = AN B is contained in a maximal subgroup
M =328 of A. Let L :=3'%2.2 < M. We first construct an MLS for M having a¢ as
a block. Note that if a, is any MLS for L, then it is easy to see that «, can be extended
to an MLS ayy for M as M/L = 4, (or see Lemma 1). Thus we have

ay = arp U{l,y1,y2,y3}

Further, C < L and an 3-element of C is of type 3A; let D = 3B be a subgroup of order
3 in L. Then using the pair (C, D) for the double coset method we obtain an MLS «a,
for L of the form.
ar =acU{l,u;,us} Uap.
Thus
an = ac U{lu,ugt Uap U{1l,y1,y2,y3}.

Further, using the double coset method with a pair (M, N), where N = 7 is any

Sylow 7-subgroup of H, we obtain an MLS « 4 for A as follows.

ag =oapy U{l,g1,92,93} Uan.

Hence
ag=acU{Lu,u} UapU{Ly1,y2,y3} U{l,91,92,93} Uan.
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Now glueing a4 and ap together gives an MLS aq for G with

ag =ag U{l,z1,22, 23} Uac U{l,ur,us} Uap U{L,y1,y2,y3} U{1,91,92,93} Uan.

9 Conclusions

We have introduced a simple, however, very effective method of double coset decompo-
sition to deal with the question of the existence of minimal logarithmic signatures for
finite groups, and have shown that this method allows to construct minimal logarithmic
signatures for almost all groups of order < 100 as well as for certain infinite families of
projective special linear groups. Further, we have discussed a method of constructing
minimal logarithmic signatures for groups of the form G = A.B with subgroups A and B
and AN B # 1, by means of constructing appropriate minimal logarithmic signatures for
A and B and then “glueing” them together. It turns out that even here the method of
double coset decomposition plays a crucial role too. The fundamental question whether
any finite group does have a minimal logarithmic signature is, to our knowledge, still far
from being answered. This question is, of course, not only significant regarding crypto-
graphic purposes but also interesting from the group-theoretic point of view, and it is
worth further investigations.
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